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Abstract. It is known that there is a bijection between the perturbed closed 
geodesies, below a given energy level, on the moduli space of flat connections A4 
and families of perturbed Yang-Mills connections depending on a parameter 
e. In this paper we study the heat flow on the loop space on Ai and the 
Yang-Mills L 2 -flows for a 3-manifold N with partial rescaled metrics. Our 
main result is that the bounded Morse homology of the loop space on M is 
isomorphic to the bounded Morse homologies of the connections space of N . 
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1. Introduction 

In 1983 Atiyah and Bott (cf. [4]) introduced the moduli space of flat connections 
for a principal bundle P — > E over a surface (E,gs). This moduli space can be 
seen as an infinite dimensional symplectic reduction; in fact, the conformal struc- 
ture on the surface defines an almost complex structure and with it and with the 
scalar product on the 1-forms one can also obtain a symplectic form. If we pick a 
principal non trivial SO(3)-bundle, then the moduli space Ai 9 (P), defined as the 
quotient between the space of the flat connections Aq(P) C A(P) and the identity 
component of the gauge group Qq(P), is a smooth compact symplectic manifold of 
dimension 63 — 6 (cf. [6]) where g denotes the genus of the surface and A(P) the 
set of the connections of the bundle. 

Critical connections. On the one side, we consider the loop space £(AA 9 (P)) of 
the manifold A4 3 (P) and if we want to compute the perturbed energy functional of 
a loop 7, where the perturbation comes from an equivariant Hamiltonian map, we 
can pick a lift A(t) £ Ao(P) of 7 and the unique loop ^f{t) £ f2°(E, jjp) of 0-forms 
satisfying the condition 

(1.1) d* A (d t A - d A V) = 0; 

f2 fe (E,gp) denotes the space of fc-forms on E with values in the adjoint bundle 
qp := P XAdfl defined by the equivalence classes \pg,£] = [p, Ad g £] = [p, g^g^ 1 } for 
p £ P, g £ G and £ G Q- In this case, we can see A(t) + ^{t)dt as a connection on 
ExS 1 and the perturbed energy functional can be written as 

(1.2) E H (A) = IJ (\\d t A - d A nl H x } MA)) dt 

where H t : A{P) — > R is a generic equivariant Hamiltonian map. The critical loops 
of (|1.2I) have to satisfy the equation 

(1.3) n A (-V t {d t A-d A y)-*X t {A)) = 0, 

where Vt := dt + .], where tta denotes the projection of the 1-forms in to the 
linear space of the harmonic 1-forms which corresponds to the tangent space of 
the manifold A4 9 (P) at the point [A] and where the time-dependent Hamiltonian 
vector field X t is defined such that, for any connection A £ A(P) and any 1-form 
a, dH t (A)a = J^(X t (A) A a). The equation (ll.3[) can be therefore also written as 

(1.4) -Vt(d t A-d A y)-*X t (A)-d A w = ] 
the 2-form uj(t) G ^ 2 (E, Qp) is defined uniquely by the identity 

d A d* A uj - [{dtA - d A V) A [d t A - d A $>)\ - d A * X t {A) 

and d* A u> corresponds to the non-harmonic part of — V t (<9 t A — d A ^>) — *X t (A). 

On the other side, if we pick the 3- manifold E x S 1 with the metric s 2 gz (Bgs 1 for a 
positive parameter e and if we consider the principal SO(3)-bundlc PxS 1 — > E x 5* 1 
such that the restriction P x {s} — > E x {s} is non trivial, then the perturbed Yang- 
Mills functional is 

(1.5) yM^ H (~) = \ J o (^\\F A \\l 2[s) + \\8tA - d A *||i a(E) - H t (A)j dt; 

where the connection S £ AiPxS 1 ) can be written as = A+\& dt with A{t) £ A(P), 
*(i) G ^°(E,gp); in fact, the curvature of S is Fe = F A - (d t A - d A ^) A dt. A 
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perturbed Yang-Mills connection 6 A(P x S 1 ) has therefore to satisfy the two 
conditions 

(1.6) \d%F A , - V t (d t A e - d A ^ s ) - *X t (A") = 0, 

(1.7) d%(d f A £ -d A V e ) = 0. 

Next, we consider the sets of critical connections below an energy level b, i.e. 
Crit^a := {A + Vdte C(A (P)<E>n°(^,2p) Adt)\E H {A) < b. (fTTTI). (Oil}. 

Crit^e.H := {S e e^FxS 1 )!^ (S £ ) < &, (LT~6l. (Ol)}. 

We can now define a map between the perturbed geodesies, Crit^jf , and the set of 
the perturbed Yang-Mills connections, Crit^^e.jf , with energy less than b provided 
that the parameter e is small enough (cf. [5], [5]); this map can also be defined 
uniquely, it is bijective and maps perturbed geodesies to perturbed Yang-Mills 
connections with the same Morse index (cf. [10): 

Theorem 1.1 (cf. |10j . theorem 1.1). We assume that the Jacobi operators of 
all the perturbed geodesies are invertible and we choose a regular value b of the 
energy E H and p > 2. Then there are two positive constants Eq and c such that the 
following holds. For every e £ (0, Sq) there is a unique gauge equivariant map 

7"~ e ' : Crit^/f — )■ Cvityj^ E ,h 

satisfying, for S° G Crit^H , 

(1.8) d% (T E > 6 (H Q ) H°) = 0, ||T e > 6 (H°) - S°|| H0j2 p £ SxS1 < ce\ 
Furthermore, this map is bijective and index E H (S°) = indexy M e,n (T £ ' b (S )). 
The norm || • || H o 2,p,e,£xs 1 is introduced in the appendix 1161 

Remark 1.2. With the same assumptions of the last theorem we can also conclude 
the following estimates (cf. [10], theorem 9.1 and lemma 9.6). We consider the 
unique solution 



o§(t) € im (d A0(t) : « 2 (S,0p) -> tl 1 (X,Q P ) j 
of the equation 

(1.9) d* AO d A oa e = e 2 V t (d t A° - d A oV°) + e 2 * X t (A°), 
then, for a + ^jdt := T e ' fc (S°) - S°, 

(1.10) ||(1 - n A o)(a - ao)ll s o,2,p,£ : sxSi + £ 11^*11 E°,2, P , e ,sxSi < c£4 
(1-11) \\ 7r A«(a)\\ s a a . pA ^ xS i + ||aollso,2, p ,i,sxsi < c£ 2 - 



Bijection between the flows. The theorem 1 1 . 1 1 allows us to identify the critical 
connections and thus the next step is to prove a bijection between the flow lines. 

On the one side, every map [S] : S 1 x K — > A4 9 (P) can be seen as a connection 
3 = A + ^dt + <S>ds e A(P x S 1 x R) which satisfies 

(1.12) F A = 0, 8 t A - d A ^> G H A , d s A-d A $£H\ 
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and if we have a map A : S 1 x R — > Aq(P), the second and the third condition 
of ()1.12j) yield to unique 0-forms g f2°(E x S* 1 x M,gp). In order to achieve 
the transversality condition for the heat flow we need to choose a generic abstract 
perturbation on the loop space instead of the Hamiltonian one. Furthermore, [S] 
is a heat flow between the perturbed geodesies H± G Crit^w , b G M, if it satisfies 
the flow equation for the functional E , i.e. 

d s A - d A <I> - 7r A (V t (d t A - d A ^>) + *X t (A)) = 0, 

^ lirn BW=S± . 

s— f±oo 

On the other side, a perturbed, e-dependent, Yang-Mills flow between two per- 
turbed Yang-Mills connections S± G Crit^^e.jr can be considered as a connection 
5 := A + ^dt + $ds on the 4-manifold E x S 1 x M, where $ G ft°(E xS'x K,flp) 
makes the equations gauge invariant, and it satisfies the equations 

d s A - d A <5> + \d* A F A - V ( (ft A - cU*) - *Y 4 (A) = 0, 

(1.14) 



ft* - V t $ - — d* A (d t A - d A f) = 0, lim 3 = H±. 



1 

£^ S— f±00 

In the following we denote by A^°(S_, H + ) (respectively by .M £ (S_, 3+)) the mod- 
uli space of the solutions of (|1.13l) (respectively of (|1.14[) ). We can therefore expect 
a bijective relation also between the flows of the two functionals for e small enough. 

Theorem 1.3. We assume that the energy functional E H is Morse-Smale and we 
choose p > 2 and a regular value b > of E H . There are constants So, c > such 
that the following holds. For every e G (0,£o) ; every pair := A°± + ^° ± dt G 
Crit^ff with index difference 1, there exists a unique map 

U s < b : M° (E°_,E° + ) -> {T e - b (E°_ ),T £ ' b (S° )) 

satisfying for each 3° G Ai° (E^jE^j 

(1.15) d% (7^ fc (~°) - /q(S )) = 0, 7^ b (~°) - /C§(H°) G zm (^(/C 2 (S )))* , 

(1-16) ||^ b (S )-^(S )|| li2;pl <ce 2 . 
Furthermore, lZ £ ' b is bijective. 

In the last theorem the connection /Cf(S°) should be seen as a first approxima- 
tion of the Yang-Mills flow and the norm || • ||i.2 ; p.i is defined in the section[5] 

Isomorphism between the homologies. The theorem 11.11 assures a bijection 
between the critical connections with the same index and the theorem 11.31 between 
the flows and thus we can compare the Morse homologies defined using the L 2 - 
flow of the two functionals below a energy level b. In the loop space case the 
homology is well defined by the work of Weber (cf. [17]) and in the Yang-Mills 
case we know that the flow exists in the case when the base manifold is two or 
three dimensional (cf. |11| ) or when we have a symmetry of codimension 3 on the 
base manifold of higher dimension (cf. [E]), but no results about the Morse-Smale 
transversality or the orientation of the unstable manifolds are known and therefore 
a priori HM* (A C:b [P x S 1 ) /Go (P x S 1 )) might even not be defined; in our case, 
it makes sense because the unstable manifolds of A e ' b (P x S 1 ) /Go (P x S 1 ) in- 
herit these properties from the unstable manifolds of C b M. 9 (P). Here Go (Px S 1 ) 
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denotes the loop group on the gauge group Go{P); C b M 9 (P) C CM 9 (P) and 
A e ' b (P x S 1 ) C A[P x S 1 ) are respectively the subsets where E H < b and 
yM e ' H < b. 

Theorem 1.4. We assume that the energy functional E H is Morse-Smale. For 
every regular value b > of E H there is a positive constant Sq such that, for 
< e < e , the inclusion C b M 9 {P) -> A £ ' b (P x S 1 ) /Go (P x S 1 ) induces an 
isomorphism 

HAh (C b M 9 (P),Z 2 ) Si HM* (A e ' b (P x S 1 ) /Q (P x S 1 ) ,Z 2 ) . 

Another way to approach this problem could have been to consider the W 1 ' 2 - 
flows; in this case both homologies are well defined since the Palais-Smale condition 
is satisfied in both cases (cf. (TH]) and thus by the general Morse theory (cf. [T]) 
the transvervality may be achieved. It is also interesting to remark that the Morse 
homology of £ b Ai p (P) correspond to the Floer homology of the cotangent bundle 
T*A4 9 (P) using the Hamiltonian Hy given by the kinetic plus the potential energy 
and considering only orbits with the action bounded by b. This result was proved, 
for a more general case, by Viterbo (cf. [IB]), by Salamon and Weber (cf. [13]) and 
by Abbondandolo and Schwarz (cf. [3J, [2]) m three different ways. Furthermore, 
Weber (cf. [17]) announced that the Morse homology of the loop space defined 
by the heat flow is isomorphic to its singular homology. We have therefore the 
following identities 

M« (A s ' b (P x S 1 ) /Go (P x S 1 )) Si H* (A e ' b (P x S 1 ) /Go (P x S 1 )) 
HM* (C b M 9 {P)) = H* (C b M 9 {P)) 

HF b (T*M 9 (P),H V ) 

We would like to conclude this discussion remarking that it is an open question 
whether the Morse homology of A £ - b (P x S 1 ) /Go (P x S 1 ) defined using the L - 
flow is isomorphic to its singular homology. 

Outline. In the sections [50 we will discuss the heat flow and the Yang-Mills 
flow equations; after that we will define the e-dependent norms (section O and 
introduce the Morse homologies (section [6]). In the sections [7] and [8] we will show 
respectively some linear and quadratic estimates that we will need in the section 
[9] to construct an approximation of a perturbed Yang-Mills flow starting from a 
perturbed geodesic flow and in the section [10] in order to define uniquely the map 
!Z e b using a contraction argument. The next four sections are of preparatory nature 
for the proof of the surjectivity of lZ s ' b (section [T5]) ; in fact in the section [TT] we 
will show some a priori estimates for the perturbed Yang-Mills flow and then we 
will prove an estimate for the _L°°-norm of their curvature terms (section I12[) , the 
uniformly exponential convergence of the flows (section [T5]) and two theorems that 
allow to choose the right relative Coulomb gauge ( section [T4"]) . The surjectivity 
(section I15p will be showed using an indirect argument; in fact we will prove that 
any sequence of perturbed Yang- Mills flows S e ", e„ — > 0, which is not in the image 
of the map lZ e,b , has a subsequence which converges (modulo gauge) by the implicit 
function theorem to a perturbed geodesic flow and thus, by the uniqueness property 
of lZ e ' b , it is in the image of this map which is a contradiction. In the last section 
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we will prove first the theorem II. 3[ which follows easily from the definition 110.31 of 
the map lZ e,b and its surjectivity (theorem II 5. ip . and then the theorem II .41 

2. Geodesic flow 

Every continuously differentiable map [E] : S 1 x R — > Ai 9 (P) can be seen as 
a connection S = A + ^dt + $ds G A(P x S 1 x I) which satisfies the following 
conditions 

(2.1) F A = 0, d t A-d A »££H\, d s A - d A $ € H\. 

In fact, for any [S] we can choose a lift A : S 1 x R — > .Ao(-P); the second and the 
third condition of (|2.1|) yield to unique 0-forms ^(t, s), <I>(i, s) € fl°(P, flp). One can 
also consider $ to have an exponential convergence as \s\ — > oo (cf. |5J. The con- 
nection 5 is clearly not uniquely defined, but for every two connections Si and S2 
with the above properties there is a map u E Go(P x S 1 x 1) such that u*Si = S2, 
the existence and the uniqueness of u follow from the definition of A4 9 (P) and 
from the equivariance of the conditions (|2.ip . The gauge group Go (P X S 1 x R) is 
defined as the set of smooth maps jiS'xl-} Qo(P). 

Furthermore, [S] is a heat flow between the perturbed geodesies S± £ Oritur , 
6 £ R, if it satisfies the flow equation for the functional E H , i.e. 

d s A - d A <P - 7TA(V t {d t A - d A ^) + *X t (A)) = 0, 

lim S(s) = H± 

s— f ±00 

where Vt := 0t + [\&, •] and the perturbation term X t will be discussed in the next 
section. Since 

d* A (V t (d t A - d A V) + *X t (A)) =V t d* A (d t A - d A ^>) + *d A X t (A) 

+ * [(d t A - d A V) A * (9* A - d A ^)] = 0, 

we can write the first line of (|2.2p as the pair of equations 

d 8 A - d A $ - V t (dtA - d A ^) - *X t (A) + d* A u = 0, 

(2 "'' cU<*> = " [(dtA - d A V) A (dtA - d A 9)] + d A * X t (A) 

where u(t, s) € 57 2 (E,gp) is uniquely defined by the second condition which is 
obtained deriving the first one by d A using the commutation formula (|2.4|) and 

JO. 



Lemma 2.1. We have the following two commutation formulas: 

(2.4) [d A ,V t ] =-{(d t A-d A V)A-]; 

(2.5) [er A ,Vt]=*[(8tA-dA*)A*-]. 

Proof. The lemma follows from the definitions of the operators using the Jacobi 
identity for the super Lie bracket operator. □ 

The linearised operator for a heat flow S is 

, V°(E)(Tr A (a)):=Tr A (V s ir A (a)-2[i} ,(dtA-d A V)} 
(2.6) 

- VtVt7rA(a) - d* X t (A)-K A (a) + *[a A *uj}) 
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for any a : S 1 x M — > fi 1 (E,gp) and where V s := d s + [$, •] and Vo is defined 
uniquely by d A d A i(jo — — 2 * [701 (a) A *(<9(A — gU^)]- This last formula can be 
obtained in the same way as the Jacobi operator for perturbed geodesies (cf. [5] or 

3. Perturbation 

In order to achieve the transversality we have to perturb the equations and for 
this purpose we choose an abstract perturbation on £(M 9 (P)). 

First, we choose a perturbation V : C{M. 9 {P)) ->Ron the loop space of A4^P). 
We assume that V satisfies the following condition (see condition (V4), section 2 
of [13] or condition (V3), section 1 of [T7]). For any two integers k > and I > 
there is a constant c = c(fc, I) such that 



(3.1) |v'v*v(A)|< c £(n 



j,h>o 



n jy . =0 (|v^A| + ||v s fc ^||^; 



for every smooth map A : E — > £(Ao{P)) ■ s i-> A(s, •) Q and every (s, () e K x S 1 ; 
here pj > 1 and X)/ =0 jr ~ ■*-> ^ ne sum runs over a H partitions fci + ■ ■ • + fc m = fc 
and ii H h i m < I such that fc 3 + lj > 1 for all j. For fc = the same inequality 

k I ■ 

holds with an additional summand c on the right. In addition, V S J A and V f J A 
should be interpreted as V^ -1 (d s A - d A <Z>) and vjf _1 (d f A - d A ^)- 

Using the results of Weber (cf. |17j . theorem 1.13)we can consider the following. 
For any regular value b of the energy functional E H there is a Banach manifold O b 
of perturbations V that satisfy the above condition (|3.1|i and such that E H + V have 
the same critical loops as E H . Moreover there is a residual subset O h rf , g C O b such 
that the perturbed functional E H + V is Morse-Smale below the energy level b if 
V e From now on all the computations are done using a generic perturbation 

of this kind. Next, we define *X t (A) c Q^S.flp), A € £(_4 (-P)), t <E 5\ by 



1 



(3.2) J {*X t (A),dsMt,0))dt := ^| g=o ( VU(.,-)l + / r[,LA(*))dl 
for every smooth variation A(i, s) of A(t). 







Furthermore, using the results of Weber (cf. [T7], theorems 1.7, 1.8), for any 
constant b there are positive constants c, p, Co, c%, C2, . . . such that the following 
holds. If the connection E = A + ^dt + $ds satisfies (|2~2]) and E H (A(-, s)) < b, 
then for every s 

(3.3) \\dtA - d A y\\L~ + \\Vt{d t A - d A 9)\\ L co < c, 

(3.4) \\d s A - d A $\\ L ~ + \\V t (d s A - dA*)|U- + ||V s (cU - d A $)||L~ < c, 
(3-5) ||9 s v4 - dA$||c*(six[T,oc)) < c fe e"' ,T , 

(3.6) ||^-«i>i*||c*(si x (-oo,-Ti) <c fe e-" T , 



%(t, s), <f>(t, s) £ Q°(P,$p) are uniquely defined by d* A (d t A - d,A^) = and 
d\ (d a A - d A $) = 0. 
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for every T > 1. Moreover [A] converges to a perturbed geodesic in C 2 (5' 1 ) as 
s — » ±00. 

Next, we need to choose an extension V : C(A(P)/G (P)) -> R, V(A) = V(A) 
for A e £(A (-P)), such that V satisfies (|3~Tj) for any smooth map A : R -> £(A(P) 
with ||-Fa(s)||l 2 (e) < <^o for every sgl, where So is chosen such that the lemmas 
ED and ED hold for p = 2 and q_= 4. 

Another possibility is to extend V in the following way. We choose a smooth map 
p : [0, 00) — > [0, 1] with the property that p(x) — if x > 5q and p(x) = 1 if x < 2|a. 
Next, we define V : C(A(P)/G (P)) -> R by 

(3.7) V(A) = p f sup ||FA(t, a)|U» ) V (A + *<fc»7(A)) 

Vtes 1 / 

where 77(A) is the unique 0-form, by lemma IB. 21 which satisfies 

FA+*d AV (A) = \\d A v(A)\\ L 4 {S) < c\\F A \\ L 2(s)- 

We define X t (A) in the same way as in (13.2[) . 

4. Yang-Mills flow 

The Yang-Mills flow equations for A(s) + V(s)dt G A(P x 5 1 ) and for an e- 
independent metric are 

d s A - d A <P + d* A F A - V t (d t A - d A V) - *X t (A) = 0, 

(4A) - V t * - d* A (dtA - d A V) = 

where <I>(i, s) G f2 (S, gp) in order to make the equations gauge invariant. We can 
consider the s-dependent connection A(s) + ^(s)dt together with the 0-form $ as 
a connection S := A + + $ds on the 4-manifold S x S 1 x R. In our case we 
shrink the metric on S by e 2 and therefore the adjoint of the exterior derivative d A 
contribute with a factor to the flow equation and if we consider the flow lines 
between two perturbed Yang-Mills connections H± G Crit^H we have the equation 

d s A - d A <P + —^d* A F A - V 4 (d t A - d A V) - *X t (A) = 0, 

(4.2) £ 

<9 S #- Vt$- (5 4 A- d A *) = 0, lim 5 = H±. 

Another viewpoint to see the last equation is to consider (|4.1I) for the connection 

(4.3) A(t, s) + *(i, s)dt + $(t, s)ds = A(ei, e 2 ,s) + e*(et, e 2 s)di + e 2 $(ei, e 2 s)ds, 
which is equivalent to (|4.2I) for (i, s) G [0, §] x R. 

5. Norms 

We choose a reference connection S := A + ^dt + $ds G A(T, x 5 1 x R); let 
£ := a + ipdt + (/)ds G O x (S x S" 1 x R, g P ), a{t,s),ip(t,s),^(t,s) G fiJ( s >flp)j j = 0,1, 
then 

Wa + ijHtt + ijtdsW^ := ||a|| L oo +e||V||i- + £ 2 ||0||l-, 
\\a + i>dt + cj)ds\\l := / (|H|£ P(S) + £ p ||?/>||£ p(s) + e 2p ||<?(>||£ p(E) ) dtds, 
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\\a + Ipdt + W4l,2;p,e ■= II" + i> dt + <t> ds \\l,p,s 

+ J (\\ d *A d Au\\ p LP[l:) + £ p ||V t cUa||£ P(E) ) dtds 

+ [ (e\\d* A (d A iP - V t a)||P +e 2 \\V t {d A ^j- V t a)\\ p Lpm ) dtds 

where Vt := dt + ■] and V s := d s + [$, •]. The e-dependcnt norms are created 
using the following simple rule that is given from the linearisation V s of the Yang- 
Mills flow equations. For every Vt and every 0-form ip, which descends from a 
1-form in the i-direction, we put an e in front of the norm; for every V s and every 
0-form (p, coming from a 1-form in the s-direction, we multiply by e 2 . The definition 
(|5.1[) contains, in the first line, all the 0-order L p -norms and the L p -norms of all 
the first derivatives; in the last two lines we can find the L p -norms of some second 
derivatives. These can be interpreted in the following way. We split a + tpdt in two 
orthogonal components on + ipidt £ im d~ and otk + ipkdt £ kerdi 6 ; on the one side, 
if a + tpdt € ker d* A+ ^, dt , then 

e\\d* A d A ip - £ 2 VtVf0|| L p =e\\d* A d A ip - \7 t d* A a\\ LP 

<e\\d* A (d A ip - W t a)\\ LP + e\\[(d t A - d A ^>) A *a]\\ LP , 

\\d A d* A a - e 2 V t V t a\\ LP =e 2 \\d A V \ip - V t V t a|| LP 

<e 2 \\V t {d A ^j - V t a)|| L p + e 2 \\\[d t A - d A ^),^]\\ LP 

and thus eHeF^e^VIU") e 3 || V t Vt-0|| iP , Hd^d^aljiP and e 2 || VtVta||iP can be esti- 
mates by ||a + ipdt + <pds\\i^; P ,e as we will discuss in the section [JJ On the other 
side, if a + tpdt = d A -f + Vt7<ft, 7 g x S 1 x R, g P ), then 

d* A d A a = d* A [F A , 7] , d* A (d A iP - V t a) = -d A [(d t A - d A ^),j], 

V t d A a = V t [FA,7], Vt{d A ip-V t a) = -V t [(«9 t A - d A 9),i\; 

therefore, under some extra conditions on the curvature F A — (dtA — d A ty)dt, for 
example that F A = and d t A — d A ^ is smooth, the last two lines of (|5.1[) can 
be estimate with the first two if a + ipdt € im d-£. Thus, || • || i,2;p,e considers the 
i p -norm of £ and of its derivatives, but the L p -norm of the second derivatives in 
the £ x ^-directions only for the ker d* A+<5 , dt -part of £. This orthogonal splitting 
plays a fundamental role in the proof of the linear estimates of the section [7j Next, 
we can define the Sobolev spaces 

w i,2; P ._ w i,2; P ( S x 5-1 x ^T*(E x S 1 x R) ®fl PxS i xR ) , 

w i,p . = w i,p ( s x S 1 x M,T*(E x S 1 x M) <8)0pxsixb) 
as the completion, respect to the norm || • ||i,2;p,i and || • ||i,p,i, of the 1-forms 

n 1 (SxS 1 xK,g PxSlxR ) 
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with compact support; we denote by W n ' 2;p (S_, 3+) (respectively W 1,p ) the space 
of all connections 2 that satisfy H — So £ W 1,2,p (respectively S — So £ W 1 ^) for 
a smooth connection So € A(P x S 1 x R) and the limit conditions lim s _ J .-|- 00 S = 3± 
(respectively without limit condition). Furthermore, we denote by Gq ,p (P x S 1 x R) 
the completion of Go (P x S 1 x RJ with respect to the Sobolev M /1,p -norm on 1- 
forms, i.e. g G Gq P (P x S 1 x R) if 5 _1 (i SxS i xR5 € W 1 ^ and by ^' 2;p (PxS'x R) 
the completion respect to the norm |j • ||i,2;p,s on the 1-forms. In addition, we de- 
note by O 1,2;2 (P x S 1 x R) the gauge group such that an element g is locally in 
Gq' 2,2 (PxS'xl), i.e. we allow also elements that do not vanish at ±oo. We 
conclude this section proving the following Sobolev estimates. 

Theorem 5.1 (Sobolev estimate). We choose 1 < p, q < oo. Then there is a 
constant cs such that for any £ 6 W lp , < e < 1: 

(1) If ~l < 1-1, then 

(5-2) ||£||o,,, e <c s et-i 

(2) 7/0 < 1-4, then 

(5-3) U\\oo,e<c s e-^U\\ hp , e . 

Proof. Analogously as for the lemma 4.1 in [7], we can define £ = a + ipdt + <f>ds 
by a(t,s) = a(et,e 2 s), ip(t, s) = eip(et,s 2 s) and </>(t, s) = s 2 4>(et , e 2 s) . Thus, 
||£||i iPi£ = e* UfHw'i.p for < t < e -1 , £ e (0,1]. Therefore the theorem follows 
from the standard Sobolev's inequality. □ 



6. Morse homologies 

In this section we want to define the Morse homologies defined using the heat 
flow and the Yang-Mills L 2 -flow. We start with the Morse homology of the loop 
space on Ai 9 (P). First, we introduce the moduli spaces 

M°(5_,S + ) :={Se W^< 2;2 (S_,S + );S satisfies (|2~TD. (l2~2ll. 
.M°(S_,S+) :=X (S_,S+)/PG oo 

where 

PGoo := {g G Gl' 2 ' 2 (P x S 1 x R) ; 35 > such that for \s\ > S, g(s) = 1}. 

Now, we choose a regular value b of the energy functional E . In order to define 
the Morse homology of the loop space C b M 9 {P) in our Morse-Bott setting, where a 
critical loop is an equivalence class [A + "J eft] of perturbed geodesies with A + ^dt £ 
Crit^ H , we need to count the flow lines between the critical loops with Morse index 

Cr4/5„(Px S 1 ) and 



Crit b 



E H 



Crit^ 



difference 1 in the following way. We define 
we consider the space of flow lines between two loops y± <E 

^£°(7_, 7+ ) = {S e W^S-.S+JjS satisfies $3), [A ± ] = 7± } 
and thus the moduli space 

M°( 7 -,7+) := J-£°( 7 _, 7+ )/a 1 ' 2;2 (P x S 1 x R); 
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then we organise the critical loops of fCrit^*? ] in a chain complex where 

Of ' b := ® 1 e[Cmt b EH },index EH ( 1 )=k^2l 

and the boundary operator d®" : C® ' b — > C^_{ b by 

dfl---= E (fa 2 (^°(7-,7+)/K))7+- 

If the functional E H satisfies the transversality condition, then d^^d^" = and 
in this case we can define the Morse homology 

(6.1) HAU (C b M 9 (P), Z 2 ) := ker9f K /im df+ x . 

As we have already mentioned, by the work of Weber (cf. [17]). for a generic 
perturbation, the transversality condition is satisfied and thus the Morse homology 
of the loop space HM* (C b M 9 (P),Z 2 ) is well defined. 

Remark 6.1. For any two perturbed geodesies j± G [Crit^jr] and any two repre- 
sentatives S± we can identify the moduli spaces M°(j-,j+) and .M°(3_, S + ), in 
particular we have 

fe 2 (M (7-,7+)/K) = h 2 (M°(S_,H+)/R) . 

Next, we define the Morse homology for the Yang-Mills case. First, we denote 
by .M e (S_,S + ) and by .M e (S_,S + ) the moduli spaces 

7W e (3_, 3+) :={S G W 1,2;2 (P x S 1 x R); 5 satisfies (IPll }. 

M S (~-,Z + ) :=X e (5_,5 + )/PG 00 . 

Also in this case we can define a Morse homology for 

A £ ' b (P x S 1 ) /Go (P x S 1 ) ; 

in order to do that we consider the chain complex Cjjf ' := ©egjoit 6 H ]^ 2 ^' 
where 

[Crit^e,*] := Cnt b yMB , H /g {Z x S 1 ), 
with the boundary operator 8^'" : C% M ''* '' h -> C y k M ^" * defined by 

where .M e (#_, 0+) is the moduli space 

M e {9-,9+) := F£ e (d-,d+)/Gl' 2 ' 2 (Px S 1 x K), 

T£ £ {9-,0+) ={Se W 1 ' 2;2 (5_,5 + ); 3 satisfies flU), [5±] = 0±}. 

The functional yA4 £ ' H will inherits the transversality property of E H provided 
that e is small enough, in this case 

ti%# % M =0 and thus we can define the 

Morse homology 

(6.2) HNU (A £ - b {P x S 1 ) /Go (P x S 1 ) ,Z 2 ) := ker^'^/im d^T'"- 
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Remark 6.2. Also in this case, for any two orbits of perturbed Yang-Mills con- 
nections 6± € [Crit-y^e.jr] and any two representatives H± 6 Crit^^ ,h WC Can 
identify the moduli spaces M e {9- 1 0+) and A^ £ (S_, 3+); in particular we have 

ttz 2 (M £ (0-,0+)/R) = h 2 (-M £ (S_,S+)/R) . 

The aim of this paper is to show that the two Morse homologies (|6.1I) and (16. 2[) 
are isomorph and we give the proof in the section 1161 In order to do this we need 
to show that there is a bijective map 

TZ b ' £ : M°(S_,5 + ) -> M £ (T M (S_),T b < £ (S+)) 

for each regular value 6 of -E^ , every pair E_, S + € Crit^H with index difference 1 
and for e sufficiently small; for this purpose, we will proceed in the following way. 
In section [7] we will prove some linear estimates using the linear operator, for a 
1-form £ = a + ipdt + 4>ds € W 1>2 ' lP 

(6.3) 2? £ (~)(£) := V\ (»)(£) + ©!(H)(£)<ft + X>g(S)(fld a 

where the first two terms are the linearization of (14.21) . i.e. 



2?f (H)(£) :=V s a - d A <\> + ^d* A d A a + * [a A *F A ] 

- V f V t a + d A V t i> - 2[if>, (d t A - d A V)\ - d * JT t (A)o, 

(6.4) 2 

£>f(S)(£) :=V S ^> -V^+^*[aA *(d t A - d A V)} 

- -^\7 t d* A a + -^d* A d A ip. 

and the third one is, for a fixed reference connection S° = ^4° + ^°dt + Q°ds, 

(6.5) Pf(H)(£) :=Vf° $ - ±d* AO a + r/>. 

The linear operator 2? e (S) can also be seen as the linearisation of the map 
T £ (E) := Tl (S) + J|(S)dt + J|(S)dfl 

where 

J-f (S) :=cU - d A § + \d* A F A - V« (ft A - cU*) , 

(6.6) J|(H) :=( 9 S * - V 4 $ - \d* A (d t A - d A V) , 

Jf (H) :=vf ($ - d> 2 ) - ^(A - A 2 ) + ^vf (* - * a ) 

and A 2 + ^ 2 dt + $ 2 ds := /C|(A° + + *°ds); we will discuss the map K\ in the 
section 



After computing some quadratic estimates in section [SJ we will prove the ex- 
istence and the local uniqueness of the map 7l b ' £ (section [TU)) . In the following 
sections [TTl [T2l and H~3l we will prove some a priori estimates that we will use in the 
section [15] in order to prove the surjectivity of lZ b ' £ . The section Q3] is devoted to 
prove the Coulomb gauge condition theorem. 
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7. Linear estimates for the Yang-Mills flow operator 

As we already mentioned, by the Weber's regularity theorem (cf. |17], theorem 
1.13), we can assume that the energy functional E H is Morsc-Smale. In this section 
we will prove a linear estimate, theorem !7.81 for the operator 2? e (S) for a perturbed 
geodesic flow 3 = A + Qdt + ^ds.The main idea is to divide the linear operator 
respect to the orthogonal splitting ker d A+iS , dt (Bim dA+^dt and to use different linear 
estimates on the two parts. In order to investigate this we need to decompose, 
in a unique way, every 1-form £ = a + ij)dt as (a k + ip k dt) + (ctj + ipidt) where 
-^id* A a k — Vt'i/'fc = and on + ipidt = dAj + Vt 7 dt for a 0-form 7. Formally, first, 
we solve the equation 

(7.1) \d* A d Al ~ V t V i7 = \d* A a- V t ijj 

which has a unique solution 7 whose existence and uniqueness can be proved as in 
the lemma 6.4 of [7]; then we define 

(7.2) oti + ipidt := d A J + Vt 7 dt, a k + ipkdt := (a + ipdt) — (o>i + ipidt) 
and since the splitting is orthogonal, 

(7.3) \\dAl + V(7<it||o,p,£ < \\a + ipdt\\o,p, £ , \\a k + ip k dt\\ . p . £ < \\a + ipdt\\ , p ,e- 
By definition and using the commutation formulas (|2.4|) . ()2.5|) we have also that 

dA^tipk = -^d A d* A a k , 

d A V t ipi =V t V t a, - 2{{d t A - d A ^)M - [Vt(d t A - d A ^),i\, 
( 7 - 4 ) V t d A a, =d A V t d A ~( + *K'A *(d t A - d A V)} 

=d* A d A ipi + *[oj A *(d t A - d A V)] + d* A [(d t A - d A ^),j] 
=d* A dAipi + 2 * [on A *{d t A - d A V)} - *[d A * {d t A - dA^),j]- 

Now, we can write the components of the linear operator using this splitting. On 
the one hand, the first component of 2? £ (S)(£ + <f>ds), defined by (|6.4|) . is, using the 
identities (|7~j|t . 

T>l(E)(£, + <pds) =V s a k + \d* A d A a k + \d A d* A a k - V t V t a fc 

+ V s a, - d A (p - [V t (d t A - dA9), 7] 
- 2[iP k , (d t A - dU*)] - d * X t {A)a- 

in the other hand, using (|7.4I) . the second component becomes 

£>|(H)(£ + 0ds) =V s Vfe - VtV^fe + -^d* A d A ip k + ^ * [a* A - <f A *)] 

The third component is the easiest to investigate, because it depends only on aj + 
i/>i<it and on 0: 

P1(H)(£ + cpds) = V s - \tT A a + -iv^ = V s - itftOi + iv t Vi- 
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Next, the idea is to consider 2? 6 (,=,)(£ + <f)ds) as the sum of the following three 
operators 

X> e,1 (S)(£ + <j)ds) :=V s a fc + -^d* A d A a k + -^d A d* A a k - [ifj k , (d t A - d A V)] 

- V t V t a fc + - V t V t -0fe + -^d A d A ipk^j dt 

+ -z * [a k A *(d t A - d A *)] dt, 
T> E ' 2 (Z){£ + <f>ds) :=V s a, - d A <j> + (V s ^ - V t <f>) dt 

s 4> - -^d* A a + ^-V t ^ ds, 
Rest £ (S)(£ + <j>ds) := - [V t (d t A - d A *), 7 ] - tyfc, - «U*)] 

- d* Z t (A)a + -4 * [a fe A *(<9 t A - d A #)l dt 

and to project them in to the two parts of the orthogonal splitting im d A+ ^dt ® 
ker d A+q , dt . The result is that the important part of V e ' 1 (E) lies in kerd* A+ ^ dt and 
that of 2? e,2 (S) in im d A +^dt as is showed in the next lemma; in other words, we 
interchange the operator 2? e (S) with the projection in the two parts of the splitting. 
We recall that, by (|3.3|) and (|3.4[) . we can assume that 



(7.5) \\d t A - d4*|| L oo + || V t {d t A - d A y)\\ Lx + \\d s A - d A $|| Loo < c 

for a positive constant cq. 

Lemma 7.1. We choose b,p > 0. For any geodesic flow E = A + ^dt + $ds 6 
A / t°(3_, 3_|_), 3± € Crit^H, £/iere exists a positive constant c such that 

||n mi dA+^P^i^W + ds )\\o, P ,e < C (IMU» + II^IU" + l|V t a fc || LP ) , 
|| (l - n im d A+<S!dt ) (V s ai - d A (f>+ {V s ipi - Vt4>) d*)|| < c||ai||ii., 

e 2 ||Rest £ (S)(e + 0d S )|| o ^<ce||e|| o ^ 

for all £ + <pds € W 1,2,p and using the splitting £ =: (o^ + ipkdt) + (a, + ^dt) 
defined by |7.i| ) and |7.l?| ). FKe denote by Hi m d A +<tdt the projection in to the linear 
subspace im d A +qidt- 

Proof. First, we remark that 

(V s Qfc + \d* A d A a k ,d A Lu) + £ 2 (V s Vfc> Vtu>) 



(V.^a* - e 2 V t 7/; fc ),a;) + ^[^A *d A a fe ] 



+ (*[(cU - d A $) A *a k ] + e 2 [(d s V - d t t> + [% $]), ^ fc ], w\ 
= (*[(d s A - d A $) A *a fe ] + e 2 [(a s * - t $ + $]),^ fc ],w), 

where we used the commutation formulas (|2.5I) and 

(7.6) [V s , V t ]w = [(0,¥ - ft$ + [*, $]), w] 
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for any 0-form u e O (£ xS"x R,0p). 
(\d A d* A a k - d A V t it>h,d A u;) = 0, 
(^V t d A a k - VtVt^fc, V t w) = 0, 

(-VtV t a k , + (-^V t a fe , V t w) = - * [{d t A- d A ^) A *V t a*],u;), 
(V t d A ipk,d A uj) + (d* A d A ip k ,V t ^) 

= (*[(d t A- d A V) A *d A i>k],u) = (- *[*{d t A- d A ^) /\ipk],dAu) 

where for the last step we used that d* A (dtA — d A ^) = 0. Next, we choose q such 
that 1 + 1 = 1. Then 

P <3 



n im d^v^iE^ + Hs 



< sup 



0,p,£ 

(X' £ ' 1 ( S )(C + (f>ds),d A u + V t udt) 



weo°(Sxs 1 xR) + Vtwdt\\ q 

<c (HofcHii. + e 2 ||Vfe||Lp + ||V t ak||ip) . 

The last estimate follows directly from the next identities, from the Holder's in- 
equality, from ||w||l<j < c||d^a;||i8 and from lemma 17721 The second estimate of the 
lemma follows from the identity 

V s a, ; - d A <f> + (V s ^i - V t <t>) dt = V s d A l - d A <f> + (V s V t 7 - V^) dt 

=d A+ mt (V s7 -0) + [(3 s A-d A $), 7 ] - [(fit$-0.¥-[$,¥]),7]dt, 

from the a priori estimate (|7.5|) and from ||7||i,j> < cHd^Hip = c ]| CK *||i*'- The third 
estimate follows directly from the definition of Rest e and the L°°-bound (|7.5j) for 
the curvature terms d t A — dA 1 ^, V t {d t A — d A ^). □ 

Lemma 7.2. We choose a regular value b of E . There is a positive constant c such 
that for any perturbed geodesic flow A + ^dt + $<is € At°(3_, S+), H± € Crit^w, 

(7.7) d A d A (0 s *-Vt*) = 2*[B a A*£ t ], 

(7.8) V t $|| L » < c 

Proof. We define B t = d t A - d A V und B s = d s A - d A <5> then d* A B t = d* A B s = 
and therefore 

V s d* A B t = * [B s A *B t ] + d* A VsB t = 
V t d* A B s = *[B t A *B S ] + d* A V t B s 

= -*[B s A*B t ]+d* A V t B s =0 
yields to d* A V t B s — d* A W s B t = 2 * [B s A *B t ] where 

d* A V t B s - d* A V s B t = d* A d A (V s * - V t $ - [$, ¥]) . 
Finally, we can finish the proof of the lemma, i.e. 

d* A d A (d s * - V t *) = d* A d A (V s * - V t * - [*, ¥]) = 2 * [B s A *B t ]. 
Furthermore, for a positive constant c 

||S.*-Vt$||io. <8||B,||L-||B t || £ oc <c 
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by 



□ 



Theorem 7.3. We choose a regular value b of E H , then there are two positive 
constants c and So such that the following holds. For any S = A + ^dt + Qds £ 
A4 (H_,H+), 3± G Crit^ff , any 1-form £ — a + ijjdt + (f>ds £ W ll2 ' tP and for 
< e < e 



(7.9) 
(7.10) 



IKIIi,2 iPlE <ce 2 \\VZ(Zm\\ ^ + chA(a)\\ LP , 
11(1 - 7r A )(0||i,2;p, £ <ce 2 ||2? £ (S)(0|| , p , £ + ceH^a) 



LLP 



■ ce 2 ||V s 7r A (a)|| L p + ce 2 || V t V t 7r j4 (a)|| LP , 



11(1 - ^A)a||i,2; P , £ <ce 2 (||P e (S)^||o^e + ||V s 7r j4 (a)|| L p + \\w A (a)\\ L ,) 
+ ce 2 (\\W t TT A (a)\\ LP + \\W t W t 7r A (a)\\ LP ). 

In order to prove the last statement we need the next two theorems that will be 
proven in the subsections IT. 11 17.21 

Theorem 7.4. We choose a regular value b of E H , then there are two positive 
constants c and Eq such that the following holds. For any 5 = A + ^dt + $ds £ 
M°(E-,E+), E± £ Gnt b E B, any 1-fonffl a £ W 2 - 2 ' 1 ^, any 0-form ip £ W 2 ' 2 - 1:p 
and for < e < So 

IMIlp + HdjialliP + ||c/^a||ip + ||rf^dAa||ip + \\dAd* A a\\Lp 



(7.12) 



•e||V t a|| 



LP 



|VtV t a||i* + e\\d A V t a\\ L p + e||V t cUa||i> 



(7.13) 



+ s\\d A V t a\\ LP + e\\W t d* A a\\ LP + £ 2 ||V s a|| L p 
<c || (e 2 V s - e 2 V 2 + A A ) a\\ LP + c\\n A (a)\\ LP , 

UWlp + \\oIaM\lv + \\d A d A ip\\LP + ellVtVUip + s 2 \\ V t V t ^|| L p 
+ e\\d A V t i[>\\ LP + e\\V t d A tp\\Lp + £ 2 ||V s a|| L p 
<c||(e 2 V s -£ 2 V 2 + A A )^|| ip . 



Theorem 7.5. We choose a regular value b of E H , then there are two positive 
constants c and So such that the following holds. For any E = A + ^$>dt + <&ds £ 
_M°(EL,S + ). H-t £ Crit B a, any 1-form a+ipdt £ W 1,l,1 ' p dim d A +q,dt, any 0-form 
g \y 1 > 1 ' 1 'P and any < e < e 

\\a\\ LP + \\d* A a\\ LP + e 2 \\V s a\\ LP + e\\V t a\\ LP + e\\tp\\ L p + e 2 ||V t ^|| LP 

+ e 3 ||V s 7/;|| L p + e 2 ||0|| L p + e 2 \\d A ^\\ LP + e 3 ||V t 0|| L p + £ 4 ||V s 0|| L p 
(7.14) < ce 2 || V>a _ d A <t>\\ LP + c£ 3 || V> ^ „ y^n^ 

.4 



V s 0- \d* A a+ iv t V 



L" 



2 A j-form 7, i = 0, 1, is an element of W^' l ' k ' p , if j derivatives of 7 in the S-direction, I 
derivatives in the S 1 -direction and k derivatives in the M direction are in L p . 
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Proof of theorem \ 7. 3\ By theorem 17.41 and the lemma 17.1 



|| a* + ipkdt\\i^;p, 6 <c||£ 2 V s a fc - e 2 V 2 a k + A A a k \\Lp + c\\ir A (a)\\ LP 



+ ce||e V s ^ fc -e V t ipk + d* A d A ip k \\ L p 
<ce 2 1 1 (1 - n lm dA+Vdt ) V"(E)(a + 1>dt + Hs)\\ 0p£ 
+ c\\ir A (a)\\ LP + ce\\a\\ L P + c£ 2 ||^|| L p + ce 2 \\V t a k \\ LP 
and by theorem 17.51 and the lemma 17.11 

||«i + i>tdt\\ i.2- p ,e <ce 2 1 1 Him dA+vaJ) 5 (z){a + ipdt + cj)ds)\\ 0p£ 
(7.15) + C £ 2 ||2^(S)(a + i>dt + 4>ds)\\o tP , e 

+ ce||a|| L p + ce 2 \\ip k \\ L p + ce 2 \\\7 t a k \\ LP ; 
for e small enough we can conclude therefore that 

||ei|i,2; P , £ < cs 2 ||Z> e (S)(0|| 0j) , £ + c\\7r A (a)\\ LP . 
The second estimate of the theorem follows from (|7.15p and 

||(1 - TT A )a k + 1/Jkdt\\l,2;p,e 

<c||e 2 V s (l - TT A )a k - £ 2 V 2 (1 - n A )a k + A A {1 ~ ir A )a k \\ LP 

+ ce\\e 2 V s ipk - e 2 V 2 t ip k + d* A d A tp k \\ LP 
<ce 2 1 1 (1 - n im dA+ „ dt ) V E (E)(a + ipdt + <t>ds)\\ Q2e + ce\\a\\ LP 

+ ce 2 \\Tp k \\ LP + ce 2 \\V t a k \\ L p + ce 2 \\(V s ~ V t V t )7r A (0\\Lp ■ 

In order to prove the third estimate we need the following one. We choose q such 
that - + - = 1, then 



n im d A+ ^ dt d A VtTr A {a)dt 



< sup 



e 2 (d A V t 7T A {a),V t -f} 



0,p,e j€ qo \\djfl + Vtldt\\ 



LI 



e 2 (V t TT A (a),d A Va) 
= sup —T7— — — — 

-yen \\d A "/ +vadt\\ Lq 

e 2 (V t Tr A (a),V t d Al ) - e 2 (V t 7r A (a), [(d t A - d A V), 7]) 

— SUp r— ; — — 

7 GQO ||«A7 + Vtjdt\\ Lq 

e 2 \\V t V t -K A {a)\\ LP \\d A ~i\\ Lq + ce 2 \\V t Tt A (a)\\ LP \\^\\ Lq 

— SU P iTl ^ 7Ti 

7 eno \\d A ~/ + Vtldt\\ Lq 

<£ 2 ||V t V f 7r A (a)|| LP + c£ 2 ||V t 7r A (a)|| L P. 

where the last inequality follows from the estimate ||7||i9 < c||dyi7||i,g. Thus, since 
by (JI3 

£ 2 ||n im dA+qrdt Rest e (Z)(Z + (j)ds)\\ Q p £ <c£ 2 ||a|| L p + ce 2 \\ip\\ LP + ce|| (1 - n A )a\\ LP 

+ c n im dA d A VtTT A (a)dt\ I , 

||Oj + ?Mi||l,2;p,£ <C£ 2 ||n im dA+*iiP E (t + ds )||o,2,£ 

+ c£ 2 \\V%{i + <f>ds)\\ 0<2te + ce 2 U\\ LP + ce 2 \\a\\ LP 
+ c£ 2 ||V t 7r A (a)|| L p + c£ 2 ||V t V t 7r A (a)|| L P, 
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II «* - TA(a)||i,2; P , e <ce 2 ||(1 - n im dA+ * dt ) T>1((1 - tta)C + <f>ds)\\ LP 
<ce 2 (||X>?(£ + Hs)\\ LP + \\4,\\ LP + \\a\\ LP ) 

+ ce 2 (\\V s n A (a)\\ L p + \\ V t n A (a)\\ LP + || V t V t K A {a)\\ LP ) 
and finally we can conclude that 

||(1 - 7r A )a||i,2;p, e <ce 2 (||£> £ (£)llo,p, s + II V s 7r A (a)|| LP + \\ir A (a)\\ LP ) 
+ ce 2 (||V t 7ivi(Qr)||iP + ||V t V 4 7TA(a)||Lp) • 

□ 

The next goal is to improve the theorem [731 in the sense that we want to estimate 
the norms using only the operator 2? e (S) (theorem I7.8[) and in order to do this we 
need to use the properties of the geodesic flow (lemma W7l\ . We define 

u(A) := d A {d A d A y l {V t {d t A - d A V) + *X t (A)). 

Lemma 7.6. We choose a regular value b of E H , then there are two positive 
constants c and Eq such that the following holds. For any S = A + ^dt + Qds € 
M°{E^,E + ), S± G Crit^w, any 1-form £ = a + tpdz + (j)ds G W x ' 2 ' p and for 
< e < £ 



\\n A (V%E)(0 + *[«, - X>°(S)7r A (0|| 



<c\\(l-TT A )a + -if>dt\\ LP +c\\V t {l-TT A )a\\ LP +e 2 U Lp 

7.16 

+ ce^||V t Vt7rA(a)||L» + ce 2 \\W t TT A {a)\\ LP + ce 2 \\ir A (a)\\ LP 

+ CE 2 \\V s lT A {a)\\ LP + C£ 2 ||^(S)(£)||lp, 

\\n A ((V%Zy(0 + *[a, *w(A)]) - (2? (S))*7r A (O||L P 

<c||(l-7r A )a + ^||Lp +c||V f (l-7r A )a|| LP +£ 2 ||V'||lp 

(7.17 

+ c£ 2 ||V t V t 7r A ( Q! )|| LP +c£ 2 ||V t 7r A ( Q! )|| LP +c£ 2 ||7r j4 (a)|| LP 
+ c£ 2 ||V s7 r A (a)|| LP + C £ 2 ||(^(S))*(0||L P . 
Proof. By definition we have that 

7r^D e (H)(0 :=7r A (V s a - V t V t a - 2[V>, (d t A - d A V)} - d * X t (A)a) , 
D°(S)(7rA(0) :=7rA(V s7 r A (a) - 2[Vo, (ft A - 

- V 4 V t 7r A (a) - d * X t (A)ir A (a) + *[ir A (a) A *w(A)]) 
where d^dyiVo = — 2 * [^(a) A *(<9 f A — d^^)]; therefore 
||7r A (2? £ (S)(e) + *[a A *w]) - 2?°(S)^(0||lp 

<||tt a (V s (1 - 7r A )a - V t Vt(l - TT A )a) \\ LP + c\\(l - TT A )a\\ LP 

+ \\n A (2[(i> - rfo), (d t A - d A *)]) 
<c\\(l - TT A )a\\ LP + c||V t (l - n A )a\\ L p + c\\ip - i/>o\\lp 

where we used the commutation formula and the uniform L°° bound of the curva- 
tures in order to drop the derivative V s and a derivative Vt. Next, we split the 
1-form a + ipdt = (a^ + ipkdt) + (en + i/jidt) in the same way as (|7.2|) . We can easily 
remark that 

||a 4 + ipidt\\ LP + \\otk + ipkdt\\ LP < 2\\a + ipdt\\ LP , 
lloi+^llif < \\(l-Tr A )a + ipdt\\ L P. 
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Furthermore, since H^Ulp < c||ci J 4'0i|U p : by the commutation formula 

||^i||jy <ll(l - n A )a\\ L p + ||V t ai||iP 

<||(1 - TT A )a\\ LP + ||V f (l - TT A )a\\ LP + \\d* A V t (l - n A )a k \\ LP 

O-k + ipkdt lies in the kernel of d A+ ^ds, thus 

<||(1 - TT A )a\\ LP + ||V f (l - TT A )a\\ LP + e 2 ||V t V f ^ fc ||L P 
<||(1 - TT A )a\\ L p + ||V f (l - TT A )a\\ L p 
+ e 2 ||V t V t (V'fe -iPq)\\lv +e 2 ||V f V t ^ || LP 

by the definition of tpo 

<||(1 - TT A )a\\ LP + ||V t (l - ttaMl? + e 2 ||V t V t (V> fe - ^q)\\ lv 
+ e 2 ||V t V t 7r A a|| LP +£ 2 ||7r A (a)|| LP + e 2 \\ \J t Tt A {a)\\ LP . 
Moreover, the theorem I7.4I yields to 

\\tpk - Mlp + e 2 ||V t V t (^fe - ifo)\\v> 

<c||( £ 2 V s - e 2 V i V t + d A d A )(i> k - V>o)||lp 

by the definition of T)\ and by lemma 17.11 

<c£ 2 ||2^(S)(a + ijjdt)\\ LP + ce 2 ||V t V t ^olk P 

+ c||(l - ir A )a\\ LP + ce 2 |jV s ^o||Lp + ce 2 \\a\\ LP 

+ ce \\tpk\\Lp + ce ||V t a|| 
<ce 2 \\V e 2 (E){a + ipdt)\\ LV + ce 2 \\ V t V t Tr A (a)\\ L P 

+ c||(l-7ivi)a||i* +ce 2 ||V t 7r j4 (a)|| L p + ce 2 \\ir A {a)\\ LP 

+ ce 2 ||V s 7r^(Q;)|| LP + ce 2 ||^ fc || LP , 

where the last two steps follows from the definition of ifjQ. Thus, by the last estimates 
we can conclude that 

\\n A (V s (Z)(0 + *[a A *u]) - V (E)tt a (0\\lp 

<c\\(l - ir A )a\\ LP + c||V t (l - ir A )a\\ LP + ce 2 \\ V t V t 7r A (a)|| LP 

+ ce 2 ||V t 7r A (a)|| LP + c£ 2 \\n A (a)\\ LP + ce 2 \\\7 s n A (a)\\ LP 

+ ce 2 \\V e 2 (E)(a + ^dt)\\ LP + £ 2 U\\ LP 

The second estimate of the lemma follows exactly in the same way. □ 

The following lemma was proved by Salamon and Weber in |13j (lemma D.7). 

Lemma 7.7. Assume E H is Morse-Smale and letE — A+^dt+^ds G M°(H_,H + ), 
H-j- G Crit^H • Then, for every p > 1, there is a constant c > such that 

(7.18) \\a\\ LP + ||V s a||iP + ||V t V t a|| < c||2?°(S)*(a)|| LP , 

(7.19) ||a|| LP + ||V.o||iP + ||V t V t a|| < c (||a - (V°(E))* ( V )\\ LP + \\V°(E){a)\\ LP ) 
for all compactly supported vector fields a, 77 G H\. 
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Theorem 7.8. We choose a regular value b of E , then there are two positive 
constants c and £o such that the following holds. For any E = A + ^dt + <£>ds s 
Ai°(E^,E + ), E± g Crit^i/, and any < e < Eq the following estimates hold. 

, x lkA(a)||i,2; P ,i <ce\\V%~m\\o, P .e + c\\tt a (V%E)(0 + *[a,*u(A)])\\ LP 
(7.20) 

+ c||7rA«-(X>°(H))*(7r^(»7)))|Up J 

(7.21) 

11(1 - ^)eili,2;p, e <cs 2 \\V%zm\\o, P ,s + ce\\7t a (V s (S)(0 + *[a, *w(>l)])|| £ , 
+ C£ |K A (e-(2? (S))*(7r A (r 7 )))|| iP , 
(7.22) ||(l-vr A )a|| 1 , 2; ^< ce 2 ||I? £ (S)(0||o^+c £ 2 |kA(e-p (S))*(^( ?7 )))|| iJ) 
/or aZ/ compactly supported 1- forms £,?7 € W 1,2 ' ,p and < £ < £o- 
Proof. By theorem 17.31 and by lemma 17.71 we have that 
||£||i,2; P , E + ||V.7r A (0lli» + I|V^a(C)||lp + ||V t V t 7r^(Q)|| iP < C£||I? e (S)(C)||o, P ,e 

+ c||7T A (a - Z? (3)*(j7))||ii> + c\\V°(E)(TT A (a))\\ LP 
and thus always by lemma 17.71 and by the last estimate 

11(1 - n A )(0h,2; P ,e <cs 2 \\V^E)(0\\o, P ,s + ce\\n A (a - 2? (~r(n))|| LP 
+ cs\\V°(E)(7r A (a))\\ LP , 
||(1 - 7u)a|k2;p >E <ce 2 ||2? £ (S)(0||o, P , £ + ce 2 ||^(a - V°(E)*(r,))\\ LP 
+ ce 2 \\V Q (E)(n A (a))\\ LP . 
Therefore, with the lemma [7751 we obtain 

||£||i,2 iP , E + \\V s n A (^)\\ LP + ||V t V t 7r j4 (a)|| L p 

< C£ ||P e (S)(OI!o, P , £ + c\\ir A (D%E)(Z) + *[a, *lj])\\ lp 
+ c\\ir A (Z-(D s (E)y(r 1 )-*[r ] ,*u;])\\ LP 

Q 

+ -||(1 - 7O0£||l,2;p, E) 

11(1 - ^aMi,2; P , s <ce 2 \\V"(Em\\o, P ,e + ce\\ ir A (2? e (H) (0 + *[a, 
+ ce\\n A (£ - (£ £ (S))* (n) - *uj])\\ lp 

+ c\\(l - 7rA)a||l,2;p,e, 

||(1 - 7T A )a\\ lt2 . lP<£ <ce 2 \\V"(E){0h., P ,e + ce 2 \\ir A (V'(E)(0 + *[a, *w])|| w 
+ cs 2 \\ir A (Z - (D"(E)y ( V ) - *[ v , *oj])\\ Lp 
and thus the theorem follows combining these last three estimates. 

□ 

In the same way as theorem 17.81 one can prove the following theorem. 

Theorem 7.9. We choose a regular value b of E H , then there are two positive 
constants c and Eq such that the following holds. For any E = A + ^dt + $ds € 
A / f°(H_,H+), E± € Crit^H, and any < e < Eq the following estimates hold. 

(7.23) 

||(1 - 70l)£||l,2;p, E + £||7Oi(a0||l,2;p,l 

<ce 2 ||(^(S))*(C)|| , P , E + C e||7r A ((^(S))*(C) + *[a,^(A)])|| LP , 
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(7-24) IKI-ttaHIx,^ <ceW(E)y(0\\o, P ,e 

for all compactly supported 1-forms £ G W ' ' p and < e < e$. 

7.1. Proof of the theorem 17.41 We will use the following criterion to prove our 
estimates (cf. [15] . theorem C.2). 

Theorem 7.10 (Marcinkiewicz, Mihlin). Letm : R n — > C be a measurable function 
that for some constant cq satisfies 



(7.25) 



*^Z2 '""^is 



d Xil d Xi2 ...d Xis 



< c 



for all integers < s < n and 1 < i\ < 12 < ... < i s < n. We define T m : L 2 (R 2 ) — > 
L 2 (R 2 ) by 

T m f := F-\mTtf)) 

where f G L 2 (R 2 ) and T : L 2 (R n ,C) L 2 (R n ,C) is the Fourier transformation 
given by 

-i />oo />oo 

(-F/)(i/i,...,2/„):= — / ... / e-^ X0+ - + y^f(x 1 ,...,x n )dx 1 ...dx n 

^ 7r J— oo J~oc 

for f G L 2 (R",C) n L 1 (R", C). T/ien to is an LP -multiplier for all 1 < p < oo, 
i.e. t/iere exists a constant c such that whenever f G L P (R") (1 L 2 (R 2 ) i/ien T m / G 
£P(R n ) and 

(7.26) ||T m /|| iP < c\\f\\ LP . 

Corollary 7.11. For every p > 1 there is a positive constant c such that 



i,j=0 



9s - ^ dx i dx i 



i=0 



LP 



for every u G W ' P (R x R") n W ' (R x R") 



Proof. We define / G L P (R x R n ) n L 2 (R x R") by / = (d s - Y17=o d Xl d x ^j u and 



thus 



and therefore 



Hf)= [i<T + J2y!)F(u) 



i=0 



la 



^ + E i= o Wi 



1 2 (/) = : m S ( cr ,2/0,...,2/r l -l)^(/), 



T(d Xt d Xj u) = 



ViVi 



— -T{f) =: m yt (a,y , y„_i) J"(/). 



The multipliers m s (a, yo , ■ ■ ■ , y n - 1 ) and m yi (cr, yo > •••) 2/n-i) satisfy the condition (|7.25l) 
and therefore we can apply the theorem 17.101 and conclude the proof. □ 



We denote dAd* A + d* A dA by A,, 
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Lemma 7.12. We choose a connection Aq G Ao(P), then there is a positive con- 
stant c such that for any 0- or 1-form a with compact support: 

||<9sa||LP(ExK 2 ) + ||<9 t 2 a||,LP(£xR 2 ) + ||cUoCT4 n a|| L p( SxR 2) 

+ \\d* Ao dA a\\ L p(j:xR 2 ) + \\dtd Ao a\\ L p(ExR 2 ) + ||<9teU a||,Lp(£xR 2 ) 



(7.27) 



<c\\(d s -d* + A Ao ) 



li>(E> 



+ c||a t a|| L p( SxR 2) + c||dA a||Lp(sxR 2 ) + c\\a Ao a\\ Ll , {Tj> 



2) + c l|a||LP(SxR 2 ) 



Proof. The previous corollary continues to holds if we consider a metric closed to 
a constant metric. Therefore we can pick a finite atlas {R 2 x V,,<pi : R 2 x V, — > 
R 2 x and a partition of the unity {pi} ie i C C°°(R 2 x E, [0, 1]), £\ £/ pi(x) = 1 

for every x G R 2 x £ and supp(p;) C (fi(M. 2 x Vi) for any i & I, and apply the 
corollary 17. Ill for (pi o </5,-)o!j where a, is the local representations of a on R 2 x V%. 
Summing all the estimates and considering the smooth constant connection Ao(t, s) 
we obtain ((7T27)) . □ 

Lemma 7.13. We choose a flat connection Aq G Aq(P), then there is a positive 
constant c such that for any 0- or 1-form a with compact support: 

£ 2 ||^Q!||lp(SxR 2 ) +E 2 ||<9 t 2 a:||LP(SxR 2 ) + II^Ao^Ao^H^fSxR 2 ) 

+ \\d Ao d Ao a\\ L p^ X Tg_ 2 ) + £\\dtd* Ao a\\ LP (j; X M 2 ) + £\\dtd Ao a\\ LP ^ xM 2 ) 



(7.28) 



<ce l 



d s - d 2 + \A Ao I a 



Lp(S> 



+ c IMIlp(£> 



+ c£||9 t a|| L p( SxR 2) + c||d J 4 a||LP(ExR 2 ) + c||rf^ o a||i P (ExR 2 ) 

Proof. The lemma follows from the previous lemma [7.12l using the rescaling a(t, s) 
a(et,e 2 s) . 



□ 



Lemma 7.14. We choose a flat connection Aq G Aq(P) and a constant Co, then 
there is a positive constant c such that following holds. For any connection A G 
A 2 ' P (P x R 2 ) which satisfies 

(7.29) sup {\\A(s,t) - A \\ c i + e\\d t A\\ L oo) < c 

(M)eR 2 

and for any 0- or 1-form a with compact support: 

2| l<9,a|| L p( SxR 2) + £ 2 ||<9 2 a|| iP ( SxR 2) + HdA^A^IIiPCSxR 2 ) 



ILp(£xR 2 ) 



(7.30) 



\\d A d A a\\ LP{TlXM 2) + £||9 t o?^Q;|| L p( Sx K 2 ) + £||eWAa|| L p( Sx K 2 ) 



<C£ l 



ds - d 2 



;d A d*, 



1 



T d* A d A a 



Lp(ExR 2 ) 



+ c IMUp(£xR 2 )- 



Proof. This lemma follow directly from the lemma [? . 1 2 1 using the assumption (|7.29l) 
and the lemma 1531 □ 



Lemma 7.15. We choose a regular value b of E H , then there is a positive constant 
c such that the following holds. For any 5 = A + ^dt + $>ds G .M°(S_, E+), 
G Critjgjr, and any 0- or 1-form a G W 2 ' 2 ^ v 

IHU" + \\d A a\\ LP + \\d* A a\\ L P + \\d* A d A a\\ LP + \\d A d* A a\\ L p + e||V t a||iP 

(7.31) + £ 2 ||V t V f a|| L P + £ 2 ||V s a|| L p + e\\V t d A a\\ L p + e\\S7 t d A a\\ LP 

<c || (£ 2 V S - £ 2 V 2 + A A ) a\\ LP + c\\a\\ LP . 
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Proof. We choose a finite atlas {Bi, <fi : Bi — > S 1 x R}ig/ of S 1 x R such that the 
condition (|7.29[) is satisfied for every chart; we can cover the two ends of the cylinder 
with two chart each because A(t, s) converges exponentially to A± as s — > ±00 and 
thus for so big enough 

sup Q\A(s t t) - A+Wcn + e\\8tA\\ L ~,) <c , 

(s,t)eS 1 x[s ,oo) 

sup (\\A(s,t) - A-Wci +e\\d t A\\ L ~) <c . 

(s.tJeS 1 x(-oo,s ] 

Furthermore, we take a partition of the unity X^ieN Pi(ti s ) = ^> s ) € [0, 1] and 
supp(pi) C ip(Bi); next, collecting the estimate given by the lemma [7. 141 on every 
chart BiXT, for (pi ocp^oii, where oti is the representation of a on Bi x S, we obtain 

s 2 \\d s a\\ LP + £ 2 \\dtd t a\\ L p + \\d* A d A a\\ L p + \\d,Ad* A a\\ L p 
(7.32) + £\\d t d* A a\\ L p + e\\d t d A a\\ L p 

<c || (e 2 d s - e 2 d 2 t + A A ) a\\ Lp + c\\a\\ LP + c£ 2 ||d t a|| LP . 

Since ||*||z«, + ||d t *IU°° + ||$IU°° < ci, we have 

£ 2 ||V s a||iP + £ 2 ||V t V f a|| L p + \\d A d A a\\ LP + \\d A d A a\\ LP 
+ e\\ V t d* A a\\ L p + e\\S7 t d A a\\ L p 

(7 33) 

<c || (e 2 V s - e 2 V 2 + A A ) a\\ Lp + c\\a\\ LP 
+ ce 2 \\\/ t a\\Lp + ce\\d* A a\\Lp + ce\\d A a\\ LP . 

The estimate (|7.3ip follows then from the lemmas IB. 41 and IB. 51 □ 



Lemma 7.16. We choose a regular value b of E H , then there are two positive 
constants c and Sq such that the following holds. For any S = A + tydt + $ds G 
M°(E_,3 + ), S± G Cnt b EH> any i-form £ G W 2 - 2 ^, i = 0,l and < e < e 



/ U\\ P L 2 (11) dtds<c [ \\e 2 d s £-e 2 d 2 {; + A A Z\\ p LHi:) dtd S 

h A (0\\ P L2 (S) dtds. 



(7.34) 



Proof. In this proof we denote the norm || • || i 2 ( - s -) by || • ||. If we consider only the 
Laplace part of the operator, we obtain that 

/ U\\ p - 2 (C,-e 2 d 2 C + A A Od S dt 

JS 1 xM 

= [ iieii p - 2 (e 2 ii^ir + iidAeii 2 + ii^n 2 )^^ 

JS 1 xR 

+ [ (p-2)u\r 4 (t,d t o 2 dsdt 
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and thus 

/ u\\ p - 2 (e 2 mf + \\d A a 2 + \m\\ 2 )d S dt 

JS 1 xR 

<[ U\\ p - 2 (^-£ 2 d^ + A A Odsdt 

JS 1 xR 

(7 35) =/ U\r 2 (^e 2 d s ^-e 2 dU + A A 0dsdt 

< / H^H^-^ + A^lldsdt 

JS 1 xM 

p — i i_ 

<( f U\\ P dsdt) P ( f \\e 2 d s t-e 2 d 2 t + A A a p d S dt) P 

\JS 1 xR / VJSixR / 

where the second step follows from 

/ M\\ p - 2 (Z,d a Odsdt = - [ d s \\Z\\ p dsdt = 0, 

JS 1 xR PJS 1 xR 

the third from the Cauchy-Schwarz inequality and the fourth from the Holder's 
inequality. Therefore, by lemma IB. 31 



u\\*d a dt < / iier- 2 (\\d A ^\\ 2 + ii^eii 2 + ikaCoii 3 ) dsdt 

S 1 xR JS 1 xR 



by (|7.35p we have that 



<( f U\\ p dsdt) ' ( f \\e 2 d s i~e 2 d 2 i + A A a P dsdt 

\JS 1 xR / \JS 1 xR 

uir'hAiowdsdt 



S 1 xR 



and by the Holder's inequality 



p— i i 
<( [ U\\ p dsdt) " ( f \\e 2 d4-e 2 d^ + A A ^dsdt) P 



p-i 



U\\ P dsdt\ / \\TT A (0\\ P d S dt 

S 1 xR J \Js 1 xR 



thus, we can conclude that 



/ U\\ p dsdt<c[ (\\e 2 d s t;-£ 2 d 2 t + A A a p + h A (0\\ P )dsdt. 

JS 1 xR JS 1 xR 

and hence we finished the proof of the lemma. □ 
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Proof of theorem \7.4\ By lemma IB. 31 for any 5 > there is a Co such that 



\a\\%<5(\\d A a\\ p LP + \\d A *a\\ p LP )+co / \\a\\ p L2 dtds 

JS 1 xR 

<S (\\d A a\\ p LP + \\d A * a\\ p LP ) + c Ci / \\TT A (a)\\ p L2 dtds 

JS 1 xR 



+ C d 



/ \\e 2 d s a — e 2 d 2 a + A A a\\ p L2 dtds 

JS 1 xR 

<S (\\d A a\\ p LP + \\d A 

* ^IIlp) ~^ c c l c 2|| 7r yl(Q ! )||^p 

+ CQCiC 2 \\e 2 d s a ~ e 2 d 2 a + A^ajj^p 
<S (\\d A a\\ p LP + \\d A 

+ c c lC2 \\e 2 V s a - e 2 V 2 a + A A a\\ p LP + c 3 e 2 \\^\\ L ^\\V t a\\ p LP 
+ C3e 2 (||*|| 2 Loo + ||a t v|/|| LM + ||ci>||^)||a||^ 

where the second step follows form the lemma 17.161 and the third by the Holder's 

inequality with c 2 := (J s dvols) p ■ Therefore if we choose 5 and e small enough 
we can improve the estimate (|7.31|) of the corollary 17. 151 using the last estimate, i.e. 

IMIlp + ||cUa||Lp + H^alliP + ||d^<iAQ!||Lp + ||^^q;||l p + e\\V t a\\Lp 
+ E 2 \\V t V t a\\ L p + e\\V t d A a\\ LP + e\\X7 t d A a\\ LP + e 2 \\V s a\\ LP 



< || (s 2 V s - s 2 Vj + A A ) a\\ LP + c\\n A (a)\ 



Li'- 



because ||*||i,oo + ||8t^||i,o« + ll^lk 00 is bounded by a constant. Furthermore, the 
terms elld^VtaHiP and e||rf^Vta||LP can be estimated by 

d A V t a\\ LP + e\\d* A \7 t a\\ L p < e|| V t d A a\\ LP + e|| V t d* A a\\ LP + ce\\a\\ LP 

using the commutation formulas and because the curvature dt A — d A ^ is bounded; 
we proved therefore (|7.12p and the second inequality of the theorem can be proved 
in the same way. □ 

7.2. Proof of the theorem 17. 5i Before proving the theorem we will show some 
preliminary results, in fact the theorem 1 7. 5 1 will then follow from the corollary 17. 181 
and the lemmas IB. 31 and 17.191 

Corollary 7.17. For every p > 1 there is a positive constant c such that the following 
holds. For every two maps 7 G W 2,P (R 4 ,M), G W 1,P (M 4 ,M) we have that 

\\d s ai\\ LP + A||9a:iQ!i||i» + II <9 s a2 1| lp + \\\d X2 a 2 \\ L p + \\\d t ai\\L* 
+ A||9ta 2 ||Lp + \\d s ip\\ LP + X\\d t ip\\ L p + ||<9 s </>||lp 
(7.36) + H^^Ulp + \\d X2 (j>\\LP + \\d t <f>\\ L p 

<c||9 s ai - d Xl 4>\\ L p + c\\d s a 2 - d X2 4>\\ L p + c\\d s i> - d t <j>\\Lp 
+ c\\d s (j) + d X2 a x + d Xl a 2 + StVlli* + cA||<9 s 7|| L p, 

where ot\ — d Xl j, a 2 — d X2 ^, ip = dtj and A G [0, 1]. 

Proof. In order to prove this corollary we need to apply the theorem 17.101 of 
Marcinkiewicz and Mihlin stated in the previous subsection and in order to do 
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this we have to define the multipliers and prove the assumption ()7.25|) : therefore, 
we look at the following system of equations 



(7.37) 



/ = 



/ h 




( d s 








-9xi 




( 


Oil 


\ 


h 







ds 





-d X2 




a 2 




h 










d s 


-d t 






v> 




V h 


) 


V d Xl 


d X2 


di 


d s 


) 


V 


4> 


) 



One can remark that the four lines of ()7.37p correspond to the first four terms 
in the L p -norm in the right side of the estimate (|7.36j) . Applying the Fourier 
transformation to (|7.36|) wc obtain 



Hf) 



/ ai 

ai 

ai 

\ yii y 2 i ri 

and thus computing its invers: 



-y 2 i T{a 2 ) 
ai J \ F(4>) J 



-i {o 2 + V2 2 + t 2 ) 



{a 2 + yi 2 + y 2 2 + r 2 ) a 



(a 2 + yi 2 + y 2 2 + t 2 ) a UJl (a 2 + yi 2 + y 2 2 + t 2 ) a 

iryx Hh) , -m 



a 2 + yi 2 + y2 2 + t 2 



and then 



a 2 + yi 2 + y2 2 + t 2 a 2 + yi 2 + y 2 2 + t 2 



IT 



<y + yi + y2 + r 



-ia 



<j + yi + y2~ + r 



T{d s a\) 



<j 2 + y2 2 + t 2 

a 2 + yi 2 + y 2 2 + r 2 

-ryi 

a 2 + yi 2 + y 2 2 + t 2 



"2/22/1 



-yicr 



a + yi 2 +2/2+7" 
— Ta 

o 2 + yi 2 + y2 2 + t 2 



2 Hh) + 
Hh) 



o 2 + yi 2 + y2 2 + t 2 
, j/if 

a 2 + yi 2 + y 2 2 + t 2 

-V2<T 



-7 r (/ 2 ) 



Hh), 



a 2 + yi 2 + y 2 2 + r 2 



Hf2) 



a 2 + yi 2 + y 2 2 + r 



-nu)- 



The formulas for T(a 2 ) and for J-(4>), respectively for F(d s a 2 ) and for d s J r (4i), 
are similar to that of jF(ai), respectively to that of jF(d s oti). Since the multipliers 
for Jf^ai), F(d s a 2 ), Fidsip) and F(d s (f) satisfy the assumption (|7.25j) of the 
theorem 17. 101 we can conclude that 

\\d s ai\\ L p + ||9 a a2||iP + \\d s ip\\ L p + \\d s (f>\\Lp + \\d Xl <f>\\ L p 

+ \\d X2 <i>\\Lv + \\dt<f>\\L* + \\d Xl ai + d X2 a 2 + 8^ Ik* 
<c||<9 s ai - d Xl (j)\\ L p + c\\d s a 2 - d X2 (f>\\ LP + c\\d s ip - d t <p\\Lp 
+ c\\d s (j) + d X2 ai + d Xl a 2 + O^Wlp- 



(7.38) 
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Next, we use that ai — d Xl "/, 012 — d X2 J, ip = dt"f an d thus 

||9 S 7 - (C + d 2 X2 + dfh\\ LP <\\ (d 2 Xl + d 2 X2 + d 2 y ( \\ LP + \\d s7 \\ LP 

<\\d Xl ai + d Xa a 2 + d t ip\\Lp + \\d s j\\ L p- 

Therefore by corollary 17. 11| it follow that 

AHd^ailliP+Alia^a^lliP + A||9 f ai|| LP + A||d t a 2 ||z,p + A||<9 t ^||iP 
(7.39) <cA||a s ai - d Xl <f>\\ L p + c\\\d s a 2 - d X2 cj)\\ L p + c\\\d s ij} - d t 4>\\ L p 

+ c\\\d s (j) + d X2 ai + d Xl a 2 + B^Wl* + cA||9 s 7|| L p. 

Therefore the theorem follows combining (17.381) and (|7.38|) . □ 

Lemma 7.18. We choose a regular value b of E H , then there is a positive constant 
c such that the following holds. For any 3 = A + ^dt + $>ds £ _M°(S_,S + ), 
S± S Crit^jf, and any 1-form a + ipdt = d^+^dtl € W 1,2 ' ,p n im d 



A+Vdt 



\\a\\ LP + \\d* A a\\ L p + e 2 ||V s a||iP + e||V t a|| L p + e\\tp\\ L P + e 2 \\V t ^\\ 



L'' 



(7.40) 



+ £ 3 \\V siPWlp + s 2 H\\lp + s 2 \\d A 0\\Lp + e 3 \\Vt0\\ L p + e 4 \\V s ct>\\ 
<ce 2 \\V s a - d A cf>\\ LP + ce 3 ||V S V - Vt<t>\\ L „ 



L'' 



ce 



-A\cx + lv t ^ 



+ c||a||iP + ce 2 ||0| 



LP- 



LP 



Proof. In the same way that the lemma 17.151 follows from the corollary 17.111 the 
corollary 17.171 implies 



\\a\\ LP + e 2 ||V s a||iP + M\d* A a\\ L p + Ae||V f a|| L P + e 3 ||V s <0||z,p + Ae 2 ||V t ^||Lp 
+ e 2 \\<f>\\ L p + e^lV s <I)\\lp + e 2 \\d A (l>\\Lp + e 3 \\\7 t cf>\\ LP 
<ce 2 ||V s a - d A (/)\\ LP + c£ 3 || V s -0 - V f 0|| L p + cAe 2 || V s 7|| L p 



+ ce H 



+ \d A ai + \v t if> 
e 4 e^ 



+ c\\a\\ LP 



ce 



Lp 



LP 



The term e 2 \\ V s 7||lp can be estimate by ce 2 \\ V s o:\\lp + ce 2 ||a||i> by the lemma |B~T1 
and the commutation formula and thus using the last estimate for A = 



e 2 ||V s 7|| L p <ce 2 ||V s a - d A <j>\\ LP + ce 3 ||V s V ~ V t 0|| L p 

.4 



V s 0+ ^d* A a x + ^S7 t ip 



c\\a\\ LP 



LP 



e* e* 

Furthermore, by the lemma IB. II and the commutation formula 
elHlLp < ce||d^||2^ < c||a|| L p + ce||V t a|| L p 
and finally collecting the last thee estimates we obtain (|7.40l) . 



ce 2 U\\ 



Lp- 



□ 



Lemma 7.19. We choose a regular value b of E H and a S > 0, then there are two 
positive constants c and eo such that the following holds. For any S = A + ^dt + 
$ds e M°(E,-,Z + ), E± e Crit^H, any 1-form £ := a + tpdt + cpdt e W 1 ' 1,1;p ) where 
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a + ipdt G im d A +^dt, and any < e < £o 

/ IICII^ ( 2 S )(ll«!l! 2 (E)+£ 4 ll^lli 2(S ))^^ 

(7 41) <J (c\\e 2 d s a - e 2 d A <p\\ p L2{ ^ ) + ce p \\e 2 d s tp - £ 2 <9t</>||^2 (s) ) dtds 



ce 2p 



IS 1 '. 



e 2 d s (f> ^ d *A a + d t*P 



L*(E) 



+5ur L2{i:) )dtds. 



Proof. In this proof we denote the norm || • 1 1 z. 2 (s) by II • II- We consider £ = 
a + ipdt + <f)ds where a + ipdt = d A+ ^dtl and 



e 2 d s — e 2 d A \ I a 
£ = a + ipdt + 4>ds = D£= ( e 2 d s -e 2 d t ( ip 

-^d* A d t e 2 d s J 

thus D*Dt; can be written in the following way 

- 2 d A \ I a 

I) - | -:*<)» -: 2 <), ) f e 2 8 s -e 2 8 t | ( 4> 

\ <t> 
a 



-e 2 d s 


~e 2 d A \ ( 


e 2 d s 


~e 2 d s 


:S: ) ( 


e 2 d s 


-^d* A 8 t 






-e 4 d 2 + d A d* A 


-e 2 d A d t 


e 4 (d s d A - 


d t d* A 


-e 4 d 2 - e 2 d 2 





-d* A d s + d s d* A 





d* A d A - e 2 d 2 



We define 



B :=\\\d\a - e 2 dM 2 + e 4 \\d s a\\ 2 + e 6 ||^|| 2 + £ 4 ||d^|| S 



+ ^(||rf>|| 2 + || £ 2 ^|| 2 )+£ 6 ||^|| 2 + £ 8 H/)- 112 



e 2 d s (j) - -^d* A a + d t ip 



G p := \\e 2 d s a - e 2 d A <f>\\ p + s p \\e 2 d s ip - e 2 d t (f>\\ p + e 2p 

Using the partial integration we obtain 
(7.42) 

/ ||£ir~ 2 (a, (-e 4 d 2 + d A d* A )a - e 2 d A d t ip)dt ds 

JS 1 xR 

+ / U\\ p - 2 e 2 (i>,(-e 4 d 2 -e 2 d?)i> + d t d A a)dtds 

JS 1 xR 

+ I U\\ p - 2 e 4 (4>,(d* A d A - e 2 d 2 ~ e 4 d 2 s )(j)}dtds 

JS 1 xR 

= I U\\ p - 2 Bdtds 

JS 1 xR 

+ (p-2) / U\\ p - 4 ((a,e 2 d s a)+s 2 ( 1 p i e 2 d s1 p)+e 4 (^e 2 d s( j ) )) 2 dtd S 

JS^-xR 

+ [ U\\ p - 2 e 2 d t (iJ,-e 2 dtij)dtd s + [ \\Z\\ p - 2 e 2 (d A Tp,dta)dtds 

JS 1 xR JS 1 xR 
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whose last term, using that a + ipdt = d,Al + dt'jdt, can be estimate as follows 
(7.43) 



Uf- 2 e 2 (d A ^,d t a)dtds= / \\£,\\ p ~ 2 e 2 {d A V a ,d t d Al )dtds 

S 1 xR JS 1 xR 



> u\r 2 s 2 \\d A ^\\ 2 - cs 2 iieir^iHi + Kaii)*^. 

JS 1 xR JS 1 xR 

Since the penultimate line of (|7.42p is positive, (17.421) and (|7.43[) yield 
f U\\ p ~ 2 Bdtds 

JS 1 xR 

< f m p -^{a,(D*t) 1 )+s 2 {i;,(D*0 2 }+e i (<t>,(D*0 3 ))dtds 

JS 1 xM. 

||£p- 2 e 4 {(a, [d s A, 0]) - (0, *[d s A A dtds 

S 1 xR 

+ ce 2 [ ||C|| P_1 (|M| + \\d* A a\\)dtds 

JS 1 xR 

integrating by parts the first line after the inequality and using the Cauchy-Schwarz 
inequality, we obtain 

<c f U\\ p - 2 B? (\\e 2 a\\ + e\\e 2 ^\\ + e 2 ||e 2 ^||) dtds 

JS 1 xR 

+ ce 2 [ \\£,\\ p dtds + ce 2 [ UW^Wd^aW dtds 

JS 1 xR JS 1 xR 

Since 2ab < a 2 + b 2 for any a, b € K, choosing e small enough 
<c / M\ p - 2 {^s 2 a\\+e\\e 2 ^\\+e 2 \\e 2 ^\\) 2 dtds 

JS 1 xR 

+ 1 [ U\\ p - 2 Bdtds + ce 2 [ U\\ p dtds. 
The last estimate implies that 

\ I U\\ p - 2 Bdtds<c f U\\ p - 2 G 2 ds + e 2 f U\\ p dtds 

^ JS 1 xR Js 1 xR Js 1 xR 

1 — — - 

<c( f U\\ P ds) [f G p ds) +cs 2 ( U\\ p dtds 

\Js 1 xR ) \Js 1 xR ) JS 1 xR 

<c [ G p ds + S [ U\\ p dtds, 

JS 1 xR JS 1 xR 

where in the second step we use the Holder's estimate and in the third the estimate 
ab < f + £ i + i = 1, with r = f . Finally, 

U\\ p - 2 (M 2 + £ 4 ||0|| 2 ) dt ds < f U\\ p - 2 (\\d* A a\\ 2 + e^d^W 2 ) ds 

S 1 xR JS 1 xR 



<c / G p ds + S / U\\ p dtds 

JS 1 xR JS 1 xR 

and thus the lemma is proved. □ 
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Proof of theorem \7.5\ By lemma IB.3| for any 6 > there is a positive constant Co 
such that 



• e 2p ||</>ll LP < S {\\d A af LP + \\d A a\\ p LP + e 2p \\d A( p\ 



p ) 

L"J 



CO 



\ P L 2 +e 2p \\cf>\\ p L2 )dtd S 



since a = d A j and the connection is flat on S, Hd^aHiP vanishes. By the lemma 
17. f 91 we have then 

<5 (\\d A a\\ p LP + e 2p \\d A <P\\ p LP ) 

+ c ci J ^ (j\e 2 d s a-e 2 d A cp\\ p L 2 { ^ ) +e p \\e 2 dsip~e 2 dt^ p L 2 { ^ ) )dtds 



+ 



CqCxE 



2p 



Si; 



e d s (f> ^d* A a + dtip 



v 

L2( S ) 



(it <is 



and by the Holder's inequality with c 2 = (J s dvols) p 

<5 (\\d A a\\ p LP + £ 2p ||^||£ P + c 2 ||e|| iP ) + c c lC2 e 2p \\d s a - d A <f>\\ p L2 



c cic 2 e 



3p \\d s ip - d t( p\\ p L 



L p + c cic 2 e 



■ip 



-d* A a 



Lp 



since + ||$||l°° < C3, for c cic 3 e p < 6 



<5(\\d* 



I Lp 



e 2p \\d A( p\\ p LP + 2c 2 U\\ p LP ) + c c lC2 e 2p || V s a - d A <t>V L 



L- 



c c lC2 £ 3p ||V^ - V t <i>\\ p LP + c c lC2 e ip 



1 



Therefore, the theorem follows from the lemma 17. 181 and the last estimate choosing 
8 small enough. □ 

8. Quadratic estimates 

In this section we prove the following quadratic estimates. 

Lemma 8.1. For any cq > there are two positive constants c and Eq such that, 
for any < e < Eq, the following holds. If two connections 5 = A + ^dt + $c?s, 
S = A+^dt + <Pds € W 1,p , with a + ipdt+(pds := S — E, satisfies \\a+'ipdt\\ 00tS < c , 

e 2 || (2? e (S) - + ^ + <Pds)\\ Qp£ 

<c\\a + ipdt + tftdsWoo^Wa + ipdt + <pds\\ i iP)E 
+ c\\a + ipdt + (/idslloo^lla + ipdt\\ i iPi£ , 

£ 2 ||(l? £ (S) - 2? £ (~))(a + ^ + ^s)|| 0)j)iE 

<c||(l — ir A )a + ipdt + ^(islloo.ella + ipdt + <pds\\i iPi£ 
+ c\\a + ijjdt + ^dsHoo^H (1 — 7T A )a + ipdt + <pds\\ i iPjE 
+ c\\a + ipdt + (pds\\o,p, e (\\d A a\\ L <x> + \\d* A a\\ L <*> + e||V t a||i.oo) 
+ c\\a + ipdt + <pds\\o^ £ (elld^Hio. + e 2 \\ Vti>h°°) , 
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e 2 1 \n A (£> e (S) - A * [a A u{A)\ - V s (5)) (a + tpdt + <f>ds) 



I LP 



<c\\a + ipdt + (j>ds\\ oo,e||(l — tta)oi + V^i + <t>ds\\i tPti: + ce 2 ||a|jL°° ||c*||i,p 
+ c£ 2 ||^|| iP ||V t a|| i oo +ce 2 ||^|| i oo||V t a|| i p + ce 2 || V t ^|| L cc ||a|| LP 



+ C e 2 (p|U, 



+ c\\a\\ L ^\\d A a - Xe 2 uj(A)\\ LP , 



/or any a + ?/>df + <j)ds G W 1 > 2 ' p and where A G {0, 1}. 

Proof. The lemma can be proved directly estimating term by term the following 
identities. 

(l>?(£) -X>f (£))(« + ipdt + cpds) = [4>,a] - [a,<j>\ - ^[a,*d A a + [a A a}] 



1 



a, * ( d A a + 7- [a A a] 



+ -^[aAa] - [tp,(V t a+ [foot])] 



+ [a, (V t V + + d A [ip, V>] - 2[V>, (V t a - <W - [a, $)] 

- V*$, a] - (d* X t (A) - d * X t (A))a, 

(2?f (H) - ^ * [«. - (" + <M + = ^ ([0, a] - [a, 0] 



2 [a, *d A a + [a A a]] - [V>, (V t a + [ip, a})] 



a, * ( d A a — \e oj(A) + — [a A a] 



+ [a,(V t V + [^V>])] 



- 2[V>, (V t a - - [a, $)] - V t $, a] - (d * X t (A) - d * X t (A))a) , 

(X>|(H) - ©§(5)) (a + V^dt + «^ds) - [0, V] - </>] - ^ * V*[a A *a] 

2 - - 1 - 

- ^ * [a,*(V t a - d A ip - [a,V])] + ^ [V', - *[a A*a])] 

- *^[aA*(^+[a,^])] + ^d* A [a,i>], 
(l>i(S)-X>|(H))(a + ^(ft + ^d*) = [0,0] + *l[aA*a] + ^[^,# 

□ 

We choose a connection S = ^4 + "Mi + <I>ds <G VF 1 ^ and a 1-form £ = a + tpdt + 
<pds € W 1 ' 2 *, then + f) = ^(S) + ^ e (S)(0 + C £ (S)(£) and we denote by 

C{ (S), C|(S) and C|(S) the three components of C £ (S) = C e (S)+C|(S) di+Cg(£) ds; 
in this case we have the following estimates. 

Lemma 8.2. For any c > there are constants c > and £o > smc/i that, for 
any < e < eq, 

(8-1) e 2 ||C £ (S)(e)|| 0iPi£ < C ||e||co, e ||eili, P ,e 
(8.2) 

e 2 \\n A (Cf(S)(O)|| 0>P , £ <c||(l - ^Klke (||(1 - tt a )c* + ^dt\\ llP , e + £ ||V t a|M 

+ c||7rAa||L«||(l - K A )a + ipdt\\ liPi£ 
+ c||7rAa|| L ^(||7r A o;|| L ^ + e 2 )||7r A o;|| LP 
for any £ := a + ^dt + cf)ds G W x - 2 ' v and where we assume that \\a + V'diHoo.s < Cq. 



32 



REMI JANNER 



Proof. Also this lemma can be showed estimating term by term the identities: 



1 



Cf(S)(0 = [4>,a] - [a,<j>] + ^1M«] 

— U[aA *(d A a + [a A a])] + \ * 



- [V>, (V t a + a])] - 2[V», (V t a - - [a, V])] 

- VtbP, a] + [a, V t V] ~ (*Xt(j4 + a) - *X t (A) - d * A t (A)a), 

7r A (Cf(S)(f)) = K A ([<i>,a] - [a,<p] - ty, (V t a + [V>, a])] 



(8.3) 



(8.4) 



U[«A *(d,4a + [a A a])] + -j * 



a A * [ dACt + — [a A a 



- 2[V>, (V*a - cU"0 - [a, $)] - V t [^, a] + [a, V t V] 

- (*X t (4 + a) - *X t (A) - d * X t (A)a)} , 

CI(H)(0 = [0, $ - [VA 4>] + 4 * [« A *( v *« " <UV> " [a, 0)] 



^[tMlai] - ^ * [a A *(d A ip + [a,ip])} 
Cf(3)(a + il)dt + 4>ds) = 0. 



T d* A [a,ip], 



□ 



9. The map K\: A first approximation 

In the next section, we will construct, using a Newton's iteration, a perturbed 
Yang-Mills flow S e € M e (T e ' b (S_),T e ' b (S + )) for any perturbed geodesic flow 
S° e M° (3_ , 3+) and every pair of connections 3± € Crit^Hwith index difference 
1, where b is a regular value of E H . For this purpose, we need to define a connection 
/C|(3 ) which is an approximate solution of the perturbed Yang-Mills flow equation. 
/C|(3°) is constructed in two steps: First, we add to 5 a 1-form ag(s) + ipQ(s)dt 
which satisfies the limit conditions lim s _ i .± 00 5° + + ip^dt — T e ' b (5±) and then 
we add a second 1-form in order to have an approximated solution of the Yang-Mills 
flow equations. 

First, we recall that a connection S° := A° + ^dt + &°ds descends to a flow line 
between two perturbed geodesies 5± = A± + $ ±dt when it satisfies the equations 
(1231) and (EH), i.e. 



8 S A° - d A «<S>° - tt a o (W t (d t A° - d A o*°) + *X S (A )) = 0, 

d* A o(d t A - d A o$ ) = d* A o(d s A° - d A o$°) = 0. 

Next, we choose a smooth positive function 8 such that 6(s) = for s < 1, 6(s) = 1 
when s > 2, < 6 < 1 and < d s 9 < cq with cq > 0. Thus, we define «q + iffidt as 

a e (s) + i> £ {s)dt :=8{-s)g{s)- 1 (T e ' b {A- + - (A_ + *_<K))ff(«) 

+ ^(a)- 1 ^' 6 ^ + - (A + + * + dt))ff(*), 
where 5 G £o(-P x S 1 x 1) satisfies 

(9.2) g- 1 d,g=*°, lim g = 1; 



(9.1) 
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we introduce g in order to make the definition of S° + + ipodt gauge- invariant. 

Lemma 9.1. We choose two constants b > 0, p > 2. There are positive constants 
£q,c such that the following holds. For every e € (0,£o)j every pair S± := A± + 
^±dt € Crit^H that are perturbed closed geodesies of index difference one, there 
exists a unique equivariant map 

k\ : vw°(s_,h + ) -> w 1 ** (r £ ' b (s_),r^(s+)) 

such that for any E° := A + ^>°dt + $°ds G M°{Z-,Z + ), with + ip^dt and g 
defined as in H9.1\) and in H9.2\) , 

(9.3) KI(H°) - (H° + ag + ip e dt) e im d* A o 

and 
(9.4) 

±d* AO d A o (/C1(S°) - (2° + a§ + %dt)) 

=d* A0 (d^d^y 1 d A o (Vt(d t A - d A o^°) + *X t (A )) 

-9(-s)d AQ d A og- 1 (dA_<CL) _1 (vf- + *X t (A_)) 3 

- 9(s)d* AO d AO g- 1 (d^d^y 1 (vf + (ftA+ - d A+ tf+) + *^ t (A+)) .9 

- 0{-s)d* AO d A an g -i {A )g (al) - e(s)d Aa d A oTT g -i {A+)g (al) 
In addition, it satisfies 

(9.5) \\K,UE )-(E° + a s + r dt)h,2; P ,i<cs 2 , 

(9.6) n^(^(s°))ii LP < C£ 2 , m{K.m Q ))\w < c 



E° + a £ + 4%dt 




Figure 1 . Situation of the lemma 19.11 

The critical points of our two functionals E H und yA4 £ ' H do not coincide and 
therefore the difference 3 — S° between a geodesic flow S° g Ai° (E_, H+) and any 
connection 5 which converges to T e,fc (S±) as s goes to ±oo can not be estimates 
using the norm defined in the subsection [SJ We need therefore another reference 
connection in order to compute the norms and for this purpose we use £|(S ). 
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Proof of lemma [9A[ /C|(" ) is uniquely defined by (|9.3|) and (|9.4|) because F A a = 
and 

d* AO d A o : im tf^ fi 2 (E, q p ) — > im d* A0 £l 2 (T,,Q P ) 

is bijective. Furthermore, the lemma IBTTl the commutation formulas (|2.4p . (I2.5[) 
and the estimates of the geodesic flow (|3.3[) - (13.6[) yield to (|9 . 5[) . Therefore we need 
only to prove (|9.6[) . 



(9.7) 



We define Hf := + ^\dt + $f ds := ^° + ag + ip^dt and we consider 
A±(a) + *±(a)dt =flr(s)*(i4± + * ± dt), 

a(«) + ^(«)dt =0(-s)(( J 4°(s) + *°(a)dt) - (A_(s) + *-(«)<&)) 
+ 6(s)((A°(s) + *°(s)dt) (A + (s) + *+(«)*)) 



and 



(9.8) 



Furthermore, we consider A\ + ty^dt + ^|^ s := "i + a i : ~ ^-K^ )- ^ we a ^ 
the expansion 

T\ (/q(~ )) =a s A| - d Ai $l + ±d%F A e 



(9.9) 



-vr 2 (^ 2 -d Ai ^)_*x t (^) 

=cu° - d A «<s>° - tt A o (v t (d t A° - d A0 *°) + *x s (a )) 

+ (V s - V?) af - *X t {A 2 ) + *X t (A° + og) 



a\ A * ( d^oaf + -[af A af] 



2^2 d *A° [«i Aa l] 



+ -d^oaf - (1 - tt Ao ) (V t (cU° - d A o*°) + *X t (A°)) 



e 

F? + + F 



we remark that the second line vanishes because S° is a geodesic flow, the third 
and the fourth can be estimates by ce 2 because the || • |ji ; 2; P ,i-norm of a\ can be 
estimated by the same factor by (|9.5[) . The fifth line of (|9.9[) can be written by the 
definitions as 

~ ^2 d A od A aa\ — 8(—s)d A od A air A _ (ag) — 9(s)d A ad A oir A+ (a e ). 



Therefore we have that 

||7l(/C!(H°))|| iP <ce 2 



^d* A od A o{al +ir A _(a £ ) + n A+ (a £ )) - F e 



+ \\F 



£ 

2 \\lp 



L" 



3 Wlp 



For this purpose, we need to investigate Ff, F£ and F£. In order to simplify the 
exposition we evaluate F[(s) for s < 0; for s > the computation is the same, we 
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only need to substitute A- + ty-dt with A + + ty+dt and 0(—s) with 9(s). If we 
denote d t A- — d A _^- by , we have 



-[V§,(Vf-o§-dA_V§-[ag,ffl 

-vf- (wf-a s -d A _ro-K,r }) 

- *X t {A_ + a s Q ) + *X t {A_) 

- \ * [a A *d A _ a s ] + \d* A0 [a A a e ] 



and since T e ' b (^_) is a perturbed Yang-Mills connection and by the definition of 
a o + ifrodt we get that 

=6{-s) (-V t *"S t - - *X t (A")) + l<fc_ (Va e o + A a§]) 



~ ~2 * 



o^A [eU_ag + -[a§Aag; 



- [V> e , (V t *"o§ - d A _% - K,%})} - Vf- (v t *"o§ - d A _% - Vol) 

- *X t (A_ + a e ) + + F(_ m 

where ^-20] contain only quadratic terms with support in [—2,0]. Therefore we 
can write Ff in the following way by the definition of a\ 

Ff =6{-s) (yf-B- + *X t (A-j) + F(_ 2fi] 

~ ~2 * [ aA * dA - a o] + ^2 d *A« \ a A «o] 

=^d* AO d Aa {a\ + ir A _ {a e )) + F(_ 2 0] 

~2 * [ a A *d A _ (a £ -oti)] + -2 d *A« i a A ((1 - tta_ )c*o _ «!)] 



The two terms are 



^o»(v* " -d A -i> - [$>.[<Mo] - [".^o]] 

V>, (vf"a§ - d A oV§ - K, Vo])] " V* ([V»,a§] - [a,%]) 
- *X t (A a + oQ + *X t (A^ + oQ + *X t (A°) - *X t (A_), 
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F|:=-V t [^,af]-[^,V t af] 



c*q A * I d A o af + — [af A a\ 



—r * [af A * (^iQq + [ag A al])] 



This allows us to conclude that, by the a priori estimates (|3.3[1 - (13.61) . 



— d* A ad A oa\ — F[ 



\F 



2 \\LP 



\F§\\ LP <ce' 



(/ci(H°))|| iP < c£ 2 

in order to see this we need that 

||cU_(ao - «i)IIlp(sxs 1 ) + 11(1 - 7TA_)ag - SiIIlpisxs 1 ) < ce 4 

which holds by the remark [L2l The second Yang-Mills flow equation can be written 
as 

j| (/c|(s )) =d s v 2 - v t $ 2 - -^(^a 2 - d A ^ 2 ) 



1 



jd A o(dtA° - d A o^>°) 



+ — * [K + «i) A - d A o^ )] 



+ 



(o.q + ai) A * (vfa^ - d A o^ - [o§, Vol) 

+ ( a o + «i) A * (vfai - [ai,-0o]) 

+ 4o ((ftA 2 - d A 2* 2 - {d t A° - d A o*°) 
and therefore by the lemma ITT21 and the identity d* A0 (dtA° — d A o^°) = 

|| j% (/q(s )) || LP < ||2 [(d s A° ~ d A o$°) A *(d t A° - d A oV°] \\ LP 



+ ~2 IK + a llkp,e + \\ d *AodA°1po\ 



LP 



< c. 



□ 



Theorem 9.2. We choose a regular value b of E , p > 2, then there are two 
positive constants c and Sq such that the following holds. For any S° £ .M°(S_ , S + ) 
with S± € Crit^ff the estimates 

IM0||i,2; Pll <ce\\V^K^))a^e + c\\^ A V"{K^))aLp, 
(9.10) 11(1 - K A )ti\\ia;p,e <c£ 2 ||-P £ (^(S°))e|| ^ + ce\\-K A V*K\ (3°)X|| LP , 
11(1 - 7r A )a|| 1 , 2;p>£ < C £ 2 ||P £ (^(S°))C||o^ + ce 2 ||7r A I?^(S ))e||LP 



/ioZd for all compactly supported I- form £ = a + ipdt 
£<Eim (£> £ (/C|(S )))* and < e < e . 



is e w 1 ' 2 '*,!] e w 1 ' 2 '*, 



Proof. By the theorem II .![ by the remark IT721 and by the Sobolev theorem lA.il we 
have that 

e ||(1 - vr^K + «L, E + IMaOoIU- + II<*aOoIU- < ce4_ ^ 
e||$>lk~ +e 2 ||V t ^|k- < ce 3 ~K ||V t ag|U» + ||70t(a§)|| L - < ce 2 ; 
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in addition, by the previous lemma I97L1 we know that 

\\JCUZ )-(Z + a z+r dt)\\ 12 . tpl <cs 2 . 
Thus by the quadratic estimates of the lemma 18. 1[ we obtain 

^ll(^(^(3°))-^(s ))e|| 0)P , e 

<e 2 || (V £ [K.% (~°)) - V £ (3° + a% + ^dt)) t \\ 0<p , e 
+ e 2 || (V £ (S° + a% + tfdt) - V s (S )) e|| 0ipjs 

<C£ 2 -^||C||l,2 iP , e , 

(9.11) ||rr A o (2T (/CI (S )) £ - 2? e (H°) £-*[«, *u;(A )]) ^ < ce 1 ^ ||£|| 1)2;P)£ 
where we used that 

w(A°) = d A o (d^odAo)" 1 (V t (cU° - d A o*°) + *X t (A°)) 
and, with the notation of the proof of theorem 19.11 

±d A o (K1(S°)-H°)- W (A ) 

e i» 

<*(-*) ||d A o (T £ ' 6 (S_) -H_ - al)\\ Loo +c6(-s) \\ttao (T £ -\Z-) - 3_)|| ioo 
+ 0( S ) ||d A o (T £ ' 6 (H+) - S+ - al)\\ LOO + cB(s) \\n A o (T' 6 (5+) - S+)|| LOO 

which is smaller than ce 2 . Furthermore, for £ = (T> £ (/Cf))* 77 , 77 = 771 + 772 di + Tftds, 
we have by the lemmas 18.11 (for the adjoint operators) and 17.61 as well as by the 
theorem 17.91 that 

(9.12) 

\\n A ^-CD my(n A (v)))\\L P 
<\\n A ((V £ (Z°)y(n) - *[m A MA")} (V°(Z°)y(n A ( V )))\\ LP + ce 1 ^ U\\ , p , e 
<ce^p ||^||o,p, 6 - 

The theorem follows then from the theorem 17.81 and the last computations. □ 

10. The map lZ £ ' b between flows 

In this section we will show that, for any pair Z± £ Crit^H, any geodesic flow 
S° £ A4° [ZP_, Sfj.) can be approximated by a Yang-Mills flow 

?eM £ (r^ (s°_),r^ b (s°)) 

provided that e is small enough. In addition, S £ will turn out to be the unique Yang- 
Mills flow in a ball around S° of radius Se. Therefore we can define an injective map 
lZ £,b between the flows of the two functionals provided that we choose an energy 
bound b for the critical connections and e small enough. 

Theorem 10.1 (Existence). We assume that the energy functional E H is Morse- 
Smale and we choose two constants b > 0, p > 2. There are constants £q,c > 
such that the following holds. For every e £ (0, eq), every pair H° := A± + 
ty±dt £ Crit^ff that are perturbed closed geodesies of index difference one and 
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Figure 2. Existence and uniqueness. 

every S° := A + ~$> Q dt + $°ds G M°(E°_ , S° ), there exists a connection E E G 
7W £ (T £ ' b (E° ) ,T E ' b (S° )) luMcft safe/?es 

(10.1) d% (~ £ - JC§ (~ )) =0, ~ £ - X| (S°) € zm (V E fa (~ )))* , 

(10.2) || (1 - ^o) (~ £ - K% (~ )) || li2:pie + e ll^o (~ £ - Kl (^))|| w < ce 3 . 

Theorem 10.2 (Local uniqueness). IFe choose p > 3. For every pair SjJ. := 
j4j_ + € Crit^H iraat are perturbed closed geodesies of index difference one, 

every E° := A + *°dt + <f>°ds G (3° ,H^_) and any c > i/iere are an £ > 
and a (5 > suc/i t/wrf the following holds. IfZ E ,Z E G A^ £ (T £ ' b (3° ) ,T e ' b (H° )) 
satisfy 

(~ £ - /Cf, (s )) = (~ £ - K\ (~ )) = 0, 

~ £ - JQ (5°) , ~ £ - /Cl (5°) G m (P e (JC§ (~ )))* 
and £/ie estimates 

(10-3) ||S^/C|(S )|| 12;pe < C e 2 , 

(10.4) || ~ £ - /C| (3°) || l!2;p)£ + ||S £ - K\ (S°) < fe, 

Definition 10.3. We choose p > 3. For every regular value 6 > of the energy E H 
there are positive constants eo, S and c such that the assertion of the theorems ll0.ll 

and 110.21 hold with these constants. Shrink £o such that ceq + coce Q p < 5, where 
Co is the constant of the Sobolev's theorem l5.ll Theorems 110.11 and 1 1 . 21 assert that, 
for every pair E± := A± + ^>±dt G Crit^H that are perturbed closed geodesies of 
index difference one, every S° G M° [EP_ , E+) and every e with < e < £q, there 
is a unique S £ G M e (T eb (E° ) ,T £ ' b (S° )) satisfying 

(10.5) c§ (~ e - /C| (~ )) =0, ~ e - /Cf, (H°) G im (/C 2 (~ )))* 
and 

(10-6) ||S^/C|(S )|| li2;p£ < C e 2 . 
We define the map 

7^ b : M° (3° ,E° + ) -> X e (T £ ' b (3°) ,T' b (3°)) 
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by TZ e ' b (3°) := ~ e where E e G M e (T e b (3° ) , T £ < b (3°.)) is the unique Yang-Mills 
flow satisfying (fTM]) and (fTM]) . 

Proof of theorem \10.1[ We choose S| := /C 2 (S°). By induction we define, for k > 3, 
3| := 3|_ x + T}% = a\ + V>|cft + </>|ds, where % is defined by 



(10.7) I? e (^(3 ))(^ 1 )^-^(5|_ 1 ), r^Gim^/C^- )))*. 



(10.8) ^^S%_ 1 )=^(E%_ 2 )+V s (S%_ 2 M_ 2 )+C s (E%_ 2 )(r 1 l_ 2 ). 



where the last step follows from (|10.7[) and by (|10.8I) we obtain 



<c£ 2 ||C £ (3|_ 2 )(r7|_ 2 )||o lP , e + c £ ||7r A o(C E (3|_ 2 )(7 7 |_ 2 ))|| ip 
+ ce 2 11(^(31^) -^(/C 2 (5 ))) 7|_ 1 || 0)P)e 
+ cs\\tt a0 (^(^-^(^(S ))) 
and finally using the lemmas 18.11 and 18.21 we can conclude 

< C hfc-2lloO,£|K_ 2 + t/>fc_ 2 ||l,l;p, e 

+ -||(1 - 7T A )a|„ 2 + ^|_ 2 cft + 4>k-2 ds \\c°,e\\ a %-2 + ip £ k _ 2 dt\\ lt 
+ -hA{ai_ 2 )\\ L ~\\(l - n A )a%_ 2 + ip e k _ 2 dt + <j)l_ 2 ds\\i tP>£ 
+ -\\TTA(aU 2 )\\ L ^(\\n A (al_ 2 )\\ L ^ + e 2 )\\n A (al_ 2 )\\ L p. 



there is a positive constant cq such that 

||(l-7T J 4o)»7|||l,2;p,e + e||7rA(Q!i)l|l,2;p,l < C £ 3 . 

Using the Sobolev's theorem 15. II one can easily see that, for e small enough and 
k > 3, by induction there are two positive constants c\, c such that 



Therefore J re (z. k ) converges to and we can choose 3 e := /C 2 (^°) +Y^k=2 Vk- Then 



In addition, one can remark that 





- 7r A0 )rf 3 \\ lt2 ., p , £ + e\\Tr A (a e 3 )\\ 1:2 . pA <ce 4 I, 
||(1 - 7TaoM||i,2;p, £ + e\\ir A (a%)\\ i, 2 ;p,i <2- (fc - 2) c e 3 , 
e 2 \\^(~l)\\o, P , e +e\\n A o(^(~l))\\ LP <2-^ Cl e\ 



5 £ - /Cf(S°) G im (2^(3°)))*, 7- E (3 e ) = 



and 



(l-7r A o)(5 £ -^(5 )) 



+ e||7r A o (5 £ -^(5 )) 
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Since ^(Z 5 ) = 0, by the definition of J|, d*^ (S £ - /C|(S )) = holds and thus 
we concluded the proof of the theorem llO.il □ 

Proof of theorem MO.'A First, we improve the estimate (|10.4p and we show that 

(10.9) ||S £ -/CI(H )||i, 2;p , e + £ ||7rA (H E -/CI(S°))|| 1 , 2;p , 1 < C£ 3 . 
In order to fulfil this task, we consider the identity 

(10.10) V% (/C|(H°))(H E - /q(S )) = -d m(Z°m £ - ^(S )) - Tf (/C^S )) 
then, by theorem 19.21 

||5 £ - ^(H°)|| l!2;p>e + s\\n Ao (E s - Kl(H°))|| 1>2;Pjl 
< C£ 2 ||^(^(S ))(S e -^(S°))|| ^ 
+ ce|k Ao 2? £ (^(S ))(S £ -^(S°))|| iP 

next, we can apply (110. 10p . i.e. 

<ce 2 ||C-(/C|(S°))(S- - /C|(S°))|| , P! e 
+ ce\\^ Ao C^K,^)){^ -ACI(5°))|U, 
+ ce 2 || ^(/C|(5 ))|i , p , e + ce\\ir Ao F s (lC s 2 (E ))\\ LP 

and the quadratic estimates (|8.ip and (|8.2I) : 

< ce 3 + c ||g e _ /q(~°)|U £ ||S £ - /Cl(H°)|| lil;P)£ 

+ C - 1|(1 - ^J(S £ - /Cf (H^IUelKl - 7T Ao )(H E - ^(S°))|| M;p , e 

+ C ||(i - ^ )(s e - x:§(s ))|| oo , e ||v t 7r Ao (s s - x:§(s°))|| L , 

+ ^(H" - /C§(3°))|| L co||(l - ^(H* - /Cf (S°))|| 1)1;P)£ 

+ ^||7r Ao (H e - /cks ))!! 2 ^!!^^ - /ci(H°))|u, 

+ C£ |kA (S £ - /C|(S ))|| L „||7r Ao (H £ - /Cf (S°))||^ 

<ce 3 + c5||(l - tt Ao )(S- - /C|(S ))|| ljl;p , e 

+ C fe||^ (S £ -/C 2 -(S°))|| M;p , 1 

where the last inequality follows from the assumptions. Therefore for 8 small enough 
(|TU3|) holds. Furthermore, by (fTtHl) and (JTUU), ||S e -S e || h2;p , E < ce 2 . Thus, always 
by theorem 19.21 

||S E -H e || 1 , 2;p , £ + £ ||7rA (S £ -H e )|| 1>2;Pil 

<ce 2 ||^(/C-(S°))(^ - S e )|| , p , £ + c E ||7r Ao 2> e (JCi(H ))(S e - H e )|| LP 

and since .F e (S e ) J" e (S £ ) = 0, Of (S £ )(S e - E e ) = -Cf (S e )(S £ - E e ) and thus we 
obtain 

<c ( £ 2 ||Cf (S E )(H E - S £ )||o, P , £ + e\\n Ao CU^m £ ~ Z £ )h*) 

+ c £ 2 ||(^(S £ ) - P E (/Cf (S°)))(S E - S e )|| , p , e 

+ ce\\n Ao (V%&) - ^(/C|(S°)))(S £ - S £ )|| iP 
<ce l --v (||(1 - ^ )(S £ - S e )|| M;p , e + e|!^ (S £ - S e )||i,i ;p ,i) 
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where the last inequality follows from the quadratic estimates of the lemmas 18.11 
and 18.21 Hence for p > 3 and e small enough E £ —E £ . □ 

11. A PRIORI ESTIMATES FOR THE YANG-MlLLS FLOW 

In this section we will prove some a priori estimates, that will be stated in the- 
orem [TTTTl on the curvature for a perturbed Yang-Mills flow. These will then be 
used to prove the surjectivity of the map lZ £,b in the section [TBI 

In order to simplify the exposition we denote by || • || the L 2 -norm over E and we 
introduce the following notation. We choose two perturbed Yang-Mills connections 
3f. e Ci-it b yME ,H where b > 0. For any Yang-Mills flow E £ := A + Vdt + $ds € 
M £ (Zt,E £ + ) we define 

(11.1) B t :=d t A-d A V, B s :=d s A-d A $, C := ft* - - [*, $]; 
thus, the Yang-Mills flow equations (|4.1I) can be written as 

(11.2) B s + \d* A F A - V t B t - *X t (A) =0, C- \d* A B t = 0; 
with this notation, the Bianchi identities are 

(11.3) Vj-Fa = d A B t , V S F A = d A B s , V t S s - V s B t = d A C 
and the commutation formulas 

(11.4) [V t ,d A ] = B t , [V Sl d A ]=B s , [V fl ,V t ] = C. 
Furthermore, we have the identity 

(11.5) \\b s + cdt\\ 2 2 E = yM E > H (E e _) - yM e - H (~%) 

which can be showed by the direct computation: 

\\B S + Cdt\\l Ae =f \\B* + Cdt\\l 2<e ds 
and by the Yang-Mills flow equations (|4.1j) 



(B s ,-\d* A F A + V t B t + *X t (A)) dvol s dtds 

SxS 1 £ 



[ [ (C,d* A B t )dvo\ s dtds 

JR JT.XS 1 

( — \(d A B s , F A ) - (V t B s ,B t )) dvolv dtds 

- [ d s H{A)ds+ [ [ (d A C 7 B t )dvo\ s dtds 

JR JlisxS 1 

and by the Bianchi identity () 1 1 . 3|) 

= - f f ^(V s F A ,F A )dvol s dtds- [ d s H{A)ds 

JR JSxS 1 e JR 

- [ t (V s B t ,B t )dvo\j:dtds 

JR JExS 1 

=yM £ ' H (A_ + *_dt) - yM eM {A+ + v+dt). 



42 



REMI JANNER 



Furthermore, we denote by a], i = 1, 2, 3, the three operators dA, d* A and eVt, by 
a|, i = 1, . . . , 9, the nine operators defined combining two operators between dA, d* A 
and eVt, by of, i = 1, . . . , 27, the 27 operators defined combining three operators 
between dA, d* A , eVt and finally we denote by aj, i — 1, . . . , 81, the 81 operators 
defined combining four operators between dA, d* A , eV*. In addition we denote by 
Afj(t,s) the norms 

A/-(M):= £ (||a^ s || 2 + £ 4 ||a^|| : 

i=l,...,3J 

Theorem 11.1. We choose an open interval Q C R, a compact set Q C !J, p > 4 

and two constants b,Co > 0. There are two positive constants Eq, c such that the 
following holds. If a perturbed Yang-Mills flow 5 = A + Wdi + $ds £E .M e (S_, 3_|_), 
with H_, 6 Crit^^e.fj and < e < eo, satisfies 

(11.6) sup (||&A-dA*|U*(E) + ||fl«A-dA$IU«(E)) <c , 

(t,s)eS 1 xB 

(11.7) / (\\FA\\ 2 + e 2 \\V t FA\\ 2 + \\d A F A \\ 2 )dtds<ce\ 

JS 1 xQ 



(11. 



(11.9) 



sup (e 2 ||£y 2 + \\d* A d A B t \\ 2 + \\d A d A d* A B t \\ 2 ) 

S 1 xQ 



<c f (e 2 \\B s \\ 2 + e 2 \\B t \\ 2 + \\F A \\ 2 + e 2 Cjl , A) + e 4 \\C\\ 2 ) di ,h. 

Js^xQ. V 



sup (e 2 ||B s || 2 + || d* A d A B s || 2 + || d A d A B s \ 

S!xQ 



<c I ( £ ^B s \\ 2 + s 2 \\B t \\ 2 + \\F A \\ 2 + e 2 c MA) +e 4 \\C\\ 2 )dtds, 



(11.10) sup + e\\W t F A \\ + e 2 ||V t V t F A ||) < ce 2 , 

S!xQ 

(11.11) SUp ||F A || L oo (s) <C£ 2 

(t.s)eS 1 xR 

where Cx t ( A ) is a constant which estimates the norm \\X t (A)\\ 2 Lac ^y The constant 
c depends on O and on Q, but only on their length and on the distance between 
their boundaries. Furthermore, 

sup (e 2 ||S s || 2 + £ 4 ||C|| 2 + M + 7V2 + A/3 + A/4) 

(t,s)eS 1 xQ 

(11.12) , 

<e 2 c / (||B s || 2 + e 2 ||C|| 2 )did s . 
Js 1 xn 

Remark 11.2. In the theorem we assume that the L 4 (£) -norm of the curvature 
term d t A — d A ^> and the L°°(E)-norm of d s A — dA& are uniformly bounded; this 
condition is, for a Yang-Mills flow, always satisfied if we choose e small enough as 
we will see in section [T2l 

Before starting to prove the last theorem we consider the following three lemmas. 
The first one show a regularity result for the curvature terms B s , C. The last two 
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are the lemmas B.l. and B.4. that Salamon and Weber proved in [13]. For an 
interval Qcl and a 0- or 1-form a we define the norm || • || i,2,2;2,e,Q by 



ll,2,2;2,e,. 



S 1 xQ 



(\\a\\ 2 + £ 4 ||V s a|| 2 + \\d A a\\ 2 + \\d* A a\\ 2 ) dtds 



+ f (e 2 \\V t a\\ 2 + \\d* A d A a\\ 2 + \\d A d* A a\\ 2 +e 4 \\V t V t a\\ 2 )dtd S . 

JS 1 xQ 

Lemma 11.3. We choose a positive constant b, then there are two positive con- 
stants Sq, c such that the following holds. For any perturbed Yang- Mills flow 
3 = A + $>dt + §ds e M 6 (E^,E + ), with S_,5 + e Cnty Me ,B and < e < e , 
satisfies 

ll-^*lll,2,2;2,e,R + £ ll^ll l,2,2;2,e,K — c - 

Proof. By the Yang-Mills flow equation (|11.2j) . the Bianchi identity (| 1 1 . 3|) and the 
commutation formula (|11.2|) we have 

=V S B S + \v,<? A F A - V s V t B t - V s * X t (A) 

=V S B S + \d* A d A B s - V t V t S s - V t d A C 

- d * X t (A)B s - -i * [B s , *F A ] - [C, B t ] 
e A 

=\7 S B S + \d* A d A B s - V t V t B s - d A d* A B s 
-d*X t {A)B s -\* [B s , *F A ] - 2[C, B t ], 



=V S C - \v s d* A B t 
=V S C + -^d* A d A C + -^d* A S7 t B s + * [B„ *B t ] 

=V S C + ^d* A d A C + V t V t C + -| * [B„ *Bt]. 

Furthermore, choosing sq € R and a smooth cut-off function with support in [sq — 
1, so + 2] and with value 1 on [sq, sq + 1], one can prove that, for Oi(so) := X x 
S 1 x [s -1, s + 2], 

ll-^s|| l,2,2;2,e,[«o,«o+l] ^ £ H^lll,2,2;2,e,[«o,«n+l] 

2 



<e q 



W S B S + -^d* A d A B s - V t V t B s + ^d A d* A B s 



V S C + -^d* A d A C + VtVtC 



(11.13) 



Z^fiiOo)) 



+ ll^ll^cnx^o)) + £2 H c 'lli 2 (n 1 ( S o)) 
= ||-e 2 d* X t (i4)S a - - 2e 2 [C,B t }\\ 2 L2{ni{so)) 

+ e 2 \HB S , *B t ]f LHQiiso)) + \\B s \\ 2 L2{ni(so)) + e 2 \\C\\ 2 L2{ni{so)) 
< ll- B s|lL2 ( n 1 ( So )) + £ HCIL^ni^o)) 



+ ce\\B s 



ll,2,2;2,e,[«o-l,so+2] 



e 3 \\C\\l 



2,2;2,s,[so-l,so+2] 



44 REMI JANNER 

In order to prove the last estimate we use the energy bound 

1 



SxS 1 



J\F A \\ 2 + \\B t \\ 2 )dt<b 



combined with the Sobolev inequality for 1-forms on E x S 1 : For example for the 
term ||*[-B S , *-Bt]|| L 2(Q 1 ( So jj we proceed in the following way. 



e 2 \\*[B a ,*B t ]\\ 2 L 2 (ni) < ce 2 / H^tll^Ex^) \\ b »\\l«-{sxS^ ds 

J[s -l,s +2] 

<CS 2 / l|B«llioo (Exfir i) ds 

J[s -l,s +2] 

<ce 2 [ - (\\ B s\\lvi:xSi) + W d *A d AB s \\ 2 L2 ^ xSl) ) ds 

J[ So --L, So +2] £ V '* 

+ ce 2 I l(\\dAd* A B s \\ 2 L2 ^ xS1) +e 4 \\\7 t \7 t B s \\ 2 L2(SxS1) )ds 

J[s -l,s +2] £ V 
<Ce\\B s \\i t 2 ! 2;2,e,lso-l,s +2]- 

Finally since 

oo 

y~! g 2 (ll-^*lll,2,2;2,£,[s +»,so+i+l] + £ W^W l,2,2;2,e,[s +i,so+*+l] 
i=0 

oo 

- 2 (\\ B s\\L 2 (ZxS 1 x[s +i-l,s a +i+2]) + e2 ||C|lL 2 (SxSix[ So +i-l,so+i+2])) 

i=0 

oo 

+ C£ 5I £ 2 (ll-^»lll,2,2;2,e,[a +*-l,»o+*+2] + ^ II ^11 l,2,2;2,e,[s +i-l,a +i+2]) 
»=0 

< 2 H- B s||i2( Ol(;S0)) + 2£ 2 ||C||i2( Ol(;!0)) 

OO 

+ K2 X! e2 (ll-^slll,2,2;2,e,[s +t,so+*+l] + ^ H l,2,2 ; 2,e,[a +i,»o+»+l] ) ' 



i=0 

we can conclude that 

2 , _2i|^Y||2 



ll^s|ll,2,2;2,e,R + £ II C|| l,2,2;2,e,R 
oo 

— 5Z £ 2 (ll-^»lll,2,2;2,e,[ao+t,ao+*+l] ^ H ^1 l,2,2;2,e,[«o+*,so+*+l] ) 

s GZ i=0 

<5||5 S || 2 2 +5 £ 2 ||C||! 2 <5& 
for e small enough. □ 



Remark 11.4. We can prove that the curvature of a connection, which represents a 
Yang-Mills flow, is smooth with an analogous argument as for the previous lemma. 
Our connection satisfies the perturbed Yang-Mills equation and thus, by the Bianchi 
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identity ()11.3|) and the commutation formula (|1 1 .3|) . 

=d A B s + \d A d* A F A - d A V t B t - d A * X t {A) 

=V S F A + \d A d* A F A - V t d A B t + [B t A B t ] - d A * X t (A) 

=V S F A + \d A d* A F A - V t V t F A + [B t A B t ] - d A * X t (A), 

=V 4 B S + \v t d* A F A - VtVtB* - V t * X t (A) 
=V s B t + d A C + \d* A V t F A - VtVtBt 

-d*X t (A)B t - *X t (A) - — *[B t , *F A ] 
=V s B t + -^d A d* A B t + -^d* A d A B t - VtVtBt 

- d * Xt(A)B t - *X t (A) - — *[B t , *F A ] 

Thus in the same way as for the last lemma we can estimate all the first derivatives 
of F A and B t in a set f2 So := S x S 1 x [so, so + 1], so € R. Then, by a bootstrapping 
argument one can prove that the curvature terms are in W k ' 2 for any k. 

We denote by A := d\ + d 2 + • • • + d 2 the standard Laplacian on R", n > 0, and 
we define P r := (-r 2 ,0) x B r (0). 

Lemma 11.5. For every n£N there is a constant c n > such that the following 
holds for every r € (0,1]. If a > and w : R x R" D P r 
and C 2 in the x-variable such that 

(11.14) (A - d s )w > -aw, w > 0, 
then 

(11.15) w( 0)<^j p w. 
Lemma 11.6. Let R, r > and u : R X R n D Pr+ t - 

and C 2 in the x-variable and /, g : Pr+ t — > R be continuous functions such that 

(11.16) (A -0> >(/-/, u>0, />0, , 9 >0. 

4 1 



(n- 17 ) / 5< / /+(^ + ^J / 



Proof of the theorem ] 1 1 . 11 The proof will be divided in seven steps. In the first 
one we will prove that the L 2 -norm over E of F A can be bounded by any positive 
constant provided we choose e small enough. This allows us to apply the lemmas 
IB. II and IB. 21 for p — 2. The next three steps provide bounds of the L 2 -norm over 
£ for some curvature terms (step 2), their derivatives (step 3) and their second 
derivatives (step 4). In the last two steps we will prove the estimates f| 1 1 . 1 1[) and 
(ITTTUl) . 
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Step 1. Wc choose a positive constant Sq < 1. There is a constant eo > such 
that the following holds. If < e < eo, then sup( t s ) gS i xR ||-Fa||l 2 (e) < ^o- 

Proof of step 1. The idea is to use lemma fl 1 . 5 1 and therefore we need an estimate 
from below of (df -d s )\\F A \\ 2 . First, using the Bianchi identity (|11.3j) in the second 
and in the fourth equality, the commutation formula (|11.4|) in the third and the 
Yang-Mills flow equation (|11.2I) in the fourth, we obtain that 

^ - d s )\\F A \\ 2 = ||V t F A || 2 + (F A ,V t V t F A ) - (F A ,V S F A ) 

= ||V f F A || 2 + (F A ,V t d A Bt) - (F A ,V S F A ) 

= \\V t F A \\ 2 + (F Al d A V t B t ) + (F A , [B t A B t ]) - (F A ,V S F A ) 

(11.18) i 

-||V t F A || 2 + -^(F Al d A d* A F A ) + (F A ,d A B s ) 

- (F A , d A * X t (A)) + (F A , [B t A B t ]) - (F A , d A B s ) 
1 

£ 

therefore, applying the Cauchy-Schwarz inequality 

\(d A F Al *X t (A))\<c\\d A F A \\ < ±^\\d A F A \\ 2 + 2c 2 e 2 , 
for any positive 71 we have 

\ (df - d.) \\F A f > - \\B t \\ 2 LHS) \\F A \\ - ce 2 > --\\F A \\ 2 - 71 - ce 2 

where c > 1 depends on ||-Bt||L 4 (£) and on ||-Xt||£2/£\. Thus, by lemma IT 1 .51 for 
every r G (0, 1], P r := (-r 2 ,0) x B r (Q), 



V t F A \\ 2 + ^\\d A F A \\ 2 + (F A , [B t A B t }) - (d* A F A , *X t (A)); 



\\F A \\ 2 I (\\F A f + ^+e 2 11 )dtds 



(11.20) 



c 



4cieTi r be 2 „ / -y 2 

r \ c 



and where we use that f IIFaII 2 ^ < 2be 2 ; next, we choose 71 := — ^—r and 

2(cie)2 

r = then ||Fa|| 2 < 4V2cfch§ bS^e 2 + § + ( Cl e)h e 2 and finally with 
e 2 < \ s ; S ° j—r, it follows that ||-Fa||l 2 (£) < ^0 an d we end the proof 

4a/2cJ cl e 3 b+ (ci e) 2 6j 

of the first step. □ 



For the rest of the proof we choose <!>o satisfying the condition of the theorems 
EIQandEIlfor P= 2 - 
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2 )dt, 



Step 2. There are two constants sq,c > such that the following holds. If 
< e < so, then 

sup (\\F A \\ 2 +e 2 \\B t \\ 2 +e 2 \\B s \\ 2 ) 

<c f (e 2 \\B t \\ 2 + e 2 c^ t + \\F A \\ 2 + e 2 \\B s \\ 2 + e 4 \\C\\ 2 ) dtds, 

/ (II^H 2 + e 2 \\V t F A \\ 2 + \\d A F A \\ 2 ) < cs 2 [ (\\F A \\ 2 + e 2 \\B-, 

JS 1 xQ JS 1 xQ 

(e 2 ||V t S t || 2 + \\d A B t \\ 2 + \\d* A B t \\ 2 ) dtds 

S 1 xQ 

<c [ (\\F A \\ 2 + s 2 \\B t \\ 2 + e 2 c MA) ) dtds, 
[ (e 2 \\W t B s \\ 2 + \\d A B s \\ 2 + \\d A B s \\ 2 ) dtds 

JS^xQ 

<c [ (II^aII 2 + s 2 \\B s \\ 2 + e 2 \\B t \\ 2 + e 4 \\C\\ 2 ) dtds. 

Proof of step 2. Analogously to the first step we need to compute i (<9 2 — d s ) ||i?t|| 2 , 
\ (<9 t 2 - d s ) \\B S \\ 2 and \ (<9 2 - d s ) \\C\\ 2 in order to apply the lemmas HH] and HH1 
On the one hand, we consider the following computation 

i(d 2 -d s )\\B t \\ 2 = \\W t B t \\ 2 - (W s B t ,B t ) + (W t W t B t ,B t ) 

= \\V t B t \\ 2 - {V s B t ,B t ) + \{V t d\F A ,B t ) 
+ (V t B s ,B t )-(V t *X t {A),B t ) 

= ||V t B t || 2 + ^(d* A V t F A ,B t ) + ^{*[B t ,*F A ],B t ) 
+ (d A C, B t ) - (d * X t {A)B t + X t (A), B t ) 

where for the second equality we use the Yang-Mills flow equation (|11.2I) and for 
the third the commutation formula (| 1 1 .4[) and the Bianchi identity (|11.3[) . By the 
Yang-Mills flow equation .2|) and the Bianchi identity (jll.3l) we finally obtain 
that 

= \\V t B t \\ 2 + -^II^BtH 2 + ^\\d* A B t \\ 2 + ^{*[Bt, *F A ],B t ) 
- (d*X t {A)B t +X t (A),B t ). 
Thus, since by the Cauchy-Schwarz inequality and the Sobolev estimate 
\{*[B t ,*F A ],B t )\ <c(\\B t \\ + \\d A B t \\ + \\d A B t \\) \\B t \\ L 4 (l:) \\F A \\ 
<ce 2 \\B t \\ 2 + ^\\F A \\ 2 + \\\d A B t f + \\\d\B t \ 



\(d*X t (A)B t +X t (A),B t )\ < c\\B t \\ 2 + \\X t (A)\\\ 
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we have 

(d 2 ~ d.) \\B t \\ 2 >||V t B t || 2 + ±\\d A B t \\ 2 + \\\d* A B t \\ 2 

(11.21) £ £ 

-^\\F A \\ 2 -c\\B t \\ 2 -c\\X t (A)\\ 2 . 

On the other hand, using the Bianchi identity (|11.3[) in the second equality and the 
commutation formula (|11.4j) in the third, it follows that 

^(d 2 - d s )\\B s \\ 2 = \\V t B s \\ 2 + (B s ,V t V t B s ) - (B S1 V S B S ) 
= \\V t B s \\ 2 + (B s ,V t V s B t ) + (B s ,V t d A C) ~ (B S1 V S B S ) 
= \\V t B s \\ 2 + (B s ,V s V t B t ) - (B s ,[C,B t }) 
+ (d* A B s , V t C) + (B„ [B U C]) - (B„ V S B S ) 

the next equality follows from the Yang-Mills flow equation (|1 1 .2|) and the after one 
from the commutation formula (jll.4p 

= \\V t B s \\ 2 + \{B S1 V s d* A F A ) - (B s , V s * X t (A)) + (B S ,V S B S ) 

- 2(B s ,[C,Bt\) + \{d* A B s .y t d* A B t ) - (B S ,V S B S ) 
= \\\7 t B s \\ 2 + -^(d A B s , \7 S F A ) - -^(B Sl *[B Sl *F A ]) 

- (B s .y s *X t (A)) - 2{B S , [C,B t ]) + \(d A B s ,d A V t B t ) 

finally, applying the Bianchi identity (jll.3j) and the Yang-Mills flow equation (jll.2j) 
one more time, we can conclude that 

H|Vt5 s || 2 + i||V a F A || - \(B S , *[B„ *F A ]) - (B s , V s * X t {A)) 

£ z £ z 

- 2(B a ,[C,B t }) + ±(d A B s ,d* A B s ) 

+ —r (d* A B s , d* A d* A F A ) + \{d* A B s ,d A X t (A)) 

£ 4 £ z 

= \\V t B s \\ 2 + ^\\V S F A \\ + ^\\d* A B s \\ 2 - 2(B S , [C,B t ]) 
-\(B S , *[B„ *F A }) -(B„d* X t {A)B s ) 

£ z 

where we use that = and d A X t (A) = 0. Thus, since ||-B s ||l°°(£) is 

bounded by a constant by the assumptions, 

(d 2 - d s ) \\B S \\ 2 >\\V t B s \\ 2 + \\\d A B s \\ 2 + \\\d A B s \\ 2 

(11.22) £ £ 

-^\\F A \\ 2 -c\\B s \\ 2 -c\\B t \\ 2 -\\C\\ 2 . 

If we consider 

1(8? - ds y\\C\\ 2 = \(d? - d s )\\d A B t \\ 2 

=\\V t d* A B t f - (V s d* A B t ,d A B t ) + (V t V t d* A B u d A B t ) 
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by the Yang-Mills flow equation (|11.2|) and the commutation formula (|11.4p we have 



=\\V t d A B t f - (V s d* A B u d A B t ) + \(V t d A d A F A ,d* A B., 



+ (V t d* A B s , d* A B t ) - (V t d* A * X t (A), d* A B t ) - (*V t [B t A *B t ],d\B t ) 

and using the commutation formula (jll.2l) one more time 

=\\V t d A B t f - {V s d* A B t ,d A B t ) + (d A V t B s ,d* A B t ) 
- (*[B t A *B s ],d* A B t ) - (*Wtd A X t (A),d A B t ) 

2 , 2 II J j* d 112 



\V t d A B t \\ 2 + ^\\d A d\B 



- 2(*[B t A *B s },d* A B t ) - (*\7 t d A X t (A), d* A B t ) 

where the last step follows from the Bianchi identity (|11.3I) and the commutation 
formula (lll.4[) . Using the Cauchy-Schwarz inequality and that ||-B s ||l°°(e) is uni- 
formly bounded, one can easily see that 

(11.23) (d 2 - d s )e 4 \\C\\ 2 > e 2 \\d A Cf + ce 2 \\B t \\ 2 + ce 2 \\X t (A)\\ 2 

and therefore, by [fTT2T]) , ([TL22]) . (|Tl~23l) and ||C|| < c\\d A C\\ by the lemma [0 
we have for two positive constants c, Cq 



(d 2 -d s )(\\B t \\ 2 + \\B s \\ 2 + c e 2 \\C\ 
(11.24) ••-:!! \ / u, ||- + -^WdABtf + ^Wd^Bt"" 1 



--:!! V t ,B f || 2 + -\\d A B t \\ 2 + -\\d* A B t \\ 2 + \\V t B s \\ 2 + — { B 
\\\d* A B s f -\\d* A F A \\ 2 - c\\B t f c\\B s f c\\X t (A)\ 



Since ||-Fa|| < 8, ||-Fa||£ 4 (s) < cII^^aI! f° r a constant c by the theorems IB. II and 
IB. 21 there is a A\ € „4°(P) such that ||A — < ||-Fk|| and thus we can write 

d A *X t (A)=d A (*X t (A)-*X t (A 1 )) 
(1L25) + dA, * X t (A0 + [(A - AO A *X t (A)] 

where <i Al * X t (Ai) = 0. Therefore, by (|11.18|) 

(11-26) i (9 t 2 - 8.) \\F A \\ 2 >-L\\d A F A \\ 2 + \\\V t F A \\ 2 - ce 2 \\B t \\ 2 

and with (|11.24p it follows that for a constant Co big enough 

\ (d 2 - 8.) (c \\F A \\ 2 + e 2 \\B t \\ 2 + s 2 \\B s \\ 2 + e 2 ^ + c o£ 4 ||q| 2 ) 

> - c (c \\F A \\ 2 + s 2 \\B t \\ 2 + e 2 \\B s \\ 2 + e 2 c^ + c £ 4 ||C|| 2 ) . 
Finally by lemma ["1 1.5 I for a fix r we can conclude that 
sup (||F A || 2 + e 2 \\B t \\ 2 + e 2 \\B s \\ 2 + c s 4 \\C\\ 2 ) 

(t,s)eS 1 xQ 

<c [ (e 2 ||S t || 2 +e 2 c ^ + ||F yl || 2 + e 2 ||S s || 2 + C oe 4 ||C|| 2 )dtds. 
Js 1 xn 
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(11.27) 



Next, we can apply lemma [11.61 to the inequality (|11.26j) and we obtain 
/ (||F A || 2 +e 2 ||V t F A || 2 + ||^F A || 2 )did s 

JS 1 xQ 

<ce 2 [ (\\F A \\ 2 + e 2 \\B t \\ 2 ) dtds < ce 4 , 

where the estimate of ||-Fa|| 2 2(5i x q) follows from \\F A \\ < c||d^i^||. Using the 
lemma 111.61 for the inequalities (111.21[) and (jll.241) we can conclude the last two 
estimates of the third step: 



(11.28) 



(11.29) 



e z \\\7 t B t \\' + \\d A B t \\* + \\d* A B t \\') dtds 

S 1 xQ 

<c [ (^\\F A \\ 2 + e 2 \\B t \\ 2 + e 2 c Xt{A) ) ,// -/,. 



s'xn 



(e 2 ||V t B s || 2 + HdA^H 2 + \\d* A B s \\ 2 ) dtds 

S 1 xQ 



<c [ ( h\F A \\ 2 + e 2 \\B s \\ 2 + e 2 \\B t \\ 2 + c £ 4 \\C\\ 2 ) dtds 
and the second step follows combining the last two estimates with (|11.27[) . □ 

Step 3. There are two constants eq, c > such that the following holds. If < e < 
Eq, then 



(11.30) 



(11.31) 



/ (e 2 \\W t d A B t || 2 + \\d* A d A B t || 2 + e 2 \\V t d* A B t \\ 2 + \\d A aT A B t f) 

J S 1 x.Q 

<ce 2 J (\\F A \\ 2 + e 2 \\B t \\ 2 + e 2 c^ t(A) ) dtds, 
f (e 2 \\V t d A B s \\ 2 + \\d* A d A B s \\ 2 + e 2 \\V t d A B s \\ 2 + \\d A d* A B s \\ 2 ) 

JS 1 xQ 

<c f (||F A || 2 +e 2 ||i? t || 2 + e 2 ||i? s || 2 +e 4 Cl - t +e 6 ||q| 2 )^d S . 



Proof of step 3. Like in the previous steps we will prove this one using the lem- 
mas [TT3] and [1X6] and therefore we need to compute \{p 2 — d s )\\d A B t \\ 2 , \{d 2 — 
d s )\\d* A B t \\ 2 , i(<9 2 - d s )\\d A B s \\ 2 , i(9 t 2 -d s )\\d* A B t \\ 2 and \(d 2 - d s )\\d* A F A \\ 2 . 
First, analogously to the previous steps, we obtain that 

\{d 2 - d s ) (\\d A B t \\ 2 + \\d* A B t f) > \\\V t d A B t \\ 2 + l^\\d A d A B t \\ 2 



(1L32) + \\\^td A B t \\ 2 + ±\\d A d A B t \\ 2 - ^\\d A F A \\ 2 



- ce 2 \\B t \\ 2 - c£ 2 \\X t (A)\\l~ - ce 2 \\V t B t 
and combined with (|11.2ip yield to 

(8 2 - d s ) (\\d A B t \\ 2 + \\d* A B t \\ 2 + Cl \\F A \\ 2 + c e 2 \\B 

\\\d A d A B t \\ 2 + \\W t d A B t \\ 2 + - 

Ce a ||S t || a - Ce a ||X t (A)||| 00(E) 



-> ;i w ii,; . ;? ll- ,;> ;? ll- i ,.. r . II- ,. --II E? t ||2\ 
(11.33) >||V t cU5 t || 2 + ^\\d* A d A B t \\ 2 + ||V 4 ^B t || 2 + -^\\d A d* A B t " 2 

-2 II n II 2 
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for two positive constants Co and c\. Therefore by lemma [1 1.61 we have, for an open 

set fii with QcSli CC 

(11.34) 

/ (s 2 \\V t d A B t \\ 2 + \\d A d A B t f + e 2 \\V t d* A B t f + \\d A d A B t \\ 2 ) 

JS^Q 

<ce 2 f (\\d A B t \\ 2 + \\d* A B t \\ 2 + \\F A \\ 2 + s 2 \\B t \\ 2 + e 2 Cx t(A) ) dtds 

<ce 2 / (\\F A \\ 2 + e 2 \\B t \\ 2 + e 2 c^ t(A) ) dtds 

where the second estimate follows from step 2. Moreover, by the Bianchi identity 
d A B s — V ' S F A and by the identity VfC = -pd* A B s which follows from the Yang- 
Mills flow equation, for a positive c\ 

\{d 2 - d s )(\\d A B s f + Cl ||^|| 2 ) > \\V t d A B s \\ 2 + \\\d* A d A B s \\ 2 
+ \\V t d A B s \\ 2 + ^\\d A d* A B s \\ 2 

(11.35) 



C n * ^ nO Qn n -r-. 11Q <> || « — * II O - 

e 

2 1 1 d 1 1 2 „^2 1 1 d 1 1 2 

Collecting all the estimates, for a constant Co > 0, we obtain 
1 



2 „^S S || 2 - ce 2 \\V t B s \\ 2 - ce 2 \\V t B t f - c^\\d A d* A B tl 
ce 2 \\B t \\ 2 - ce 2 \\B s \\ 2 - ^\\d\F A \\ 2 - \\d A d* A B s \\- 



^{8 2 - d s ) (c a \\F A \\ 2 + c e 2 \\B t \\ 2 + coe 2 ||B s || 2 ) 

+ l -(d 2 - d s ) { Cl \\d* A B 8 f + ||^|| 2 + Hd^H 2 ) 

> -^\\d A d* A B s \\ 2 + ^\\d A d A B s \\ 2 - c£ 2 ||^|| 2 

„2 1 1 v / nr ~2 \\ f) i|2 



- ce z \\X t {A)\\ L <~ -ce z \\B s 
By the lemma Hi. 61 we have then, 



/ (\\d A d A B s \\ 2 + \\d A d A B s \\ 2 ) 

JS 1 xQ 



(11.36) 



<ce 2 I (e 2 \\B t \\ 2 + e 2 Cx t +e 2 \\B s \\ 2 ) 
s 1 xn 1 



<c 



\- ce 2 [ (\\F A \\ 2 + \\d* A B s \\ 2 + \\d A B s \\ 2 + \\d A B t \\ 2 ) 
Js 1 xn 1 

[ (e 2 ||S t || 2 + e 4 ^ t +e 2 ||S s || 2 + e 2 ||F A || 2 + £ 6 ||q| 
Js 1 xn 



a 



Step 4. There are two constants Sq, c > such that the following holds. If < e < 
Eq, then 

sup (\\d A d* A B t \\ 2 + \\d* A d A B t \\ 2 ) 

(t,s)eS 1 xQ 



<c 



J (\\ f a\\ 2 + £ 2 \\B t \\ 2 + e 2 c MA) ) dtds, 
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sup (\\d* A d A B s \\ 2 + \\d A d* A B s \\ 2 ) 

(t,s)eS 1 xQ 

< f (c\\F A \\ 2 +ce 2 \\B t f + e 2 \\B s f + e 2 c, iA) +e 4 \\C\\ 2 )dtds, 
sup \\d* A d A d* A B t \\ 2 

(t,s)eS 1 xQ 

<c [ (e 2 \\B s \\ 2 + e 2 \\B t \\ 2 + \\F A \\ 2 + e 4 c tt + e 4 \\C\\ 2 ) dtds. 
Js 1 xn 

Proof of step 4- Analogously to the first two steps we can estimate 

(d 2 -d s ) (\\d A d A B t \\ 2 + \\d A d A B t \\ 2 ) 
and we obtain that there are two positive constants c and Cq such that 

(d 2 - d.) {\\d A d A B t \\ 2 + \\d A d* A B t \\ 2 + c \\F A \\ 2 + c e 2 \\B t \\ + c e 2 ||S s || 2 ) 
>- ce 2 \\B t \\ 2 - ce 2 \\B s \\ 2 + e Cjlt . 
We can therefore conclude by the lemma 111.51 and the previous step that 
sup {\\d A d* A B t f + \\d A d A B t f) 

(t,s)eS 1 xQ 

~ C Ln ^ Fa11 " + £2||B ' 112 + £2 ° A ^) dtdS ' 
Furthermore, for two positive constants c and cq 

X - {p 2 t ~ 8.) (\\d A d A B s f + \\d A oT A B s f + c \\F A \\ 2 + colld^^H 2 + c \\d A d A B t \\ 2 
+ c \\d A d A B t \\ 2 + c \\d A B t \\ 2 + c e 2 ||B t || 2 + c e 2 ||S s || 2 ) 
>c(||F A || 2 + e 2 ||5 t || 2 + £ 2 ||S s || 2 + c^ (A) ) 

Thus, by the lemma [11.51 and the previous steps we can comnclude that 
sup (\\d* A d A B s \\ 2 + \\d A d A B s \\ 2 ) 

(t,s)eS 1 xQ 

<c f (\\d* A d A B s \\ 2 + \\d A d* A B s f + \\F A \\ 2 + \\d A B t \\ 2 ) dtds 
Js 1 xn 1 

<c [ (\\d A d* A B t \\ 2 + \\d* A B t \\ 2 )dtds 
Js 1 xn 1 




Moreover, 

i(9 t 2 - d s )\\d A d A d* A B t \\ 2 > \\Vtd A d A d A B t \\ 2 + ^\\d A d A d A d A B t \\ 2 

- ce 2 (\\B a \\ 2 + \\d A B s \\ 2 + \\d A B t \\ 2 ) - ce 2 \\d A d* A B a \\ - ^||^F A || 2 
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and hence by the lemma Hi .51 wc can conclude the proof of the fourth step: 
sup \\d* A d A d* A B t \\ 2 

(t,s)eS 1 xQ 

<c f (e 2 \\B s \\ 2 + e 2 \\d A B s \\ 2 + e 2 \\d A B t \\ 2 ) dtds 
Js 1 xn 1 

+ c [ {e 2 \\B t \\ 2 + \\F A \\ 2 + \\d A d A d A B t f) dtds 
Js 1 xn 1 

<c [ (e 2 \\B s \\ 2 + e 2 \\B t \\ 2 + \\F A \\ 2 + e 4 c^+e 4 \\C\\ 2 )dtds. 
Js 1 xn * 

□ 

Step 5. There are two constants Eq,c > such that the following holds. If 
< e < eo, then 

(11.37) sup (||f A || + e\\V t F A \\ + \\d A d* A F A \\) < ce 2 ~$ . 

S 1 xQ 

Proof of step 5. In order to prove the fifth step we need the following observation. 
For 

/(*, s) := ||F A || 2 + e 2 \\V t F A f + e 4 \\d A d A F A \\ 2 + e 2 \\d A B t \\ 2 
we have that 

e 2 (d 2 ~d s )f>c f-ce 4 

and since for p £ N, p < 2 

d 2 t f P = Pf- l dtf + P(P - 1) (dtff > pf- l d 2 t f, 



e 2 (d 2 - d s )P > P p-\d 2 t ~ d.)f > P c fP - pee 4 .!?- 1 > c Q f p - ce 4p 

where we used that oh < ^P~ 1 ^ r f or an y positive numbers a and b. Therefore 

by lemma lll.6| for a sequence of open sets fl; C M, i = 1, . . . , 2p, Q C £Iq CC 
fli CC fl 2 CC • • ■ CC £l 2p CC 

f f p dt ds < ce 4p + ce 2 [ f p dt ds < ce 4p + ce 4p [ f p dt ds < ce 4p 
Js 1 xn Js 1 xn 1 Js l xa 2p 

where the last step follows by iterating the first one and from supQ 2p / < ce. By 
lemma 111.51 

sup e 2 f p < ce 4p + e 2 [ f p dt ds < ce 4p 

and therefore 

sup (\\F A \\+e\\V t F A \\ + \\d A d* A F A \\) < ce 2 ~h . 

S x xQ 

□ 

Step 6. There are two constants Eq,c > such that the following holds. If 
< e < so, then 

(11.38) sup (||F A || L oe (s) + \\d A d* A F A \\ + e 2 ||V t V t F A ||) < ce 2 . 

S 1 xQ 
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Proof. One can show that, by the previous steps, there are three constants c, Co 
and c\ such that 



i(a t 2 -9 s )(||V,V^|| 2 + |||^|| 2 + Cl ||i? t || 2 ) 

> - c (\\V t V t F A \\ 2 + ^||F A || 2 + ci||B t 

and thus by the lemma Hi .51 

sup ||V t V t F A || 2 < c / (||V t V t F A || 2 + ^HF^II 2 + Cl \\B t \\ 2 ) dtds < c. 
seq Js 1 xn K £ ' 

Furthermore, by the Bianchi identity (111 .3[) and the Yang-Mills flow equation (111 .2[) 



sup \\d A d* A F A \\ 2 < supe 4 \\d A V t B t \\ 2 + ce 4 

seQ seQ 

< su P £ 4 ||V tC U5 t || 2 + e 4 \\[B t A B t }\\ 2 + ce 4 

seQ 

<svLpe 4 \\\7 t VtF A \\ 2 + ce 4 < ce 4 

seQ 

and by the lemma [B. II 

\\Fa\\l-(e) <c\\d A d A F A \\ Uj:) <ce 2 . 



□ 



Step 7. There are two constants eq,c > such that the following holds. If 
< e < So, then 

sup (e 2 \\B s \\ 2 + e 4 \\C\\ 2 +Ni + N 2 + Afa + Mi) 

(t,s)eS 1 xQ 

<e 2 c [ (\\B s \\ 2 + e 2 \\C\\ 2 )dtds. 

Proof. Since we know now that, for a positive constant Co, 

£ 2 ||£ t || L » (s) + ||F A || L » (E) <c e 2 , 

using the computations of the second step we can obtain the following estimate a 
positive constant c 

1 -(d 2 ~d s )(\\B s \\ 2 + e 2 \\C\\ 2 ) 



>||V t £ s |j 2 + -z\\d A B s \\ 2 + -\\d* A B s \\ + e 2 ||V t C|| 2 + \\d A C\\ 2 



±\\d A B s \\ 2 + ^ 
-c(||B s || 2 + s 2 ||C|| 2 ). 
Analogously, for seven positive constants c,-, i = 1, . . . , 7, we have 

(df-d s ) (M + Cie 2 ||s s || 2 + Cl£ 4 ||c|| 2 ) 

>^N 2 - c (M + cis 2 ||£y 2 + c l£ 4 ||C|| 2 ) , 

(d 2 - 8 a ) (7V2 + c 2 Mi + c 2Cl e 2 \\B s \\ 2 + c 2Cl e 4 \\C\\ 2 ) 

-c{M 2 + caA/i + c 2Cl e 2 \\B s \\ 2 + c 2Cl e 4 \\C\\ 
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(&l - 8,) (A/3 + C3A/2 + C3C2M + C3C2 Cl £ 2 ||B s || 2 + C3C 2 Cl£ 4 ||C|| 2 ) 

>-|A4 - c(A4 + C4A/3 + 0403^2 + c 4 c 3 c 2 A/i) 

- C (c 4 C3C2Cie 2 ||S s || 2 + C4C 3 C2Ci£ 4 ||C|| 2 ) 

(a 2 - 9 S ) (A/4 + C4A/3 + C 4 C3A/"2 + C4C3C2A/* L ) 

+ (9 2 - 9 S ) ( C 4C3C2C ie 2 ||S s || 2 + C4C 3 C2Cl£ 4 ||C7|| 2 ) 

> — c (A4 + c 4 A/"3 + + c4C 3 c 2 A/i) 

- C (c 4 C 3 C2Cie 2 ||B s || 2 + C 4 C 3 C2Ci£ 4 ||C|| 2 ) . 

The seventh step follows then from the lemmas fl 1 . 5 1 and 1 1 1 . 61 and the last estimates. 

□ 

With the seventh step we concluded the proof of the theorcm lll.il □ 



12. i°°-BOUND FOR A YANG-MlLLS FLOW 

In this section we want to show that for any value b > 0, any Yang-Mills flow 
S e e M E {E E _,E e + ), S| e Ciit b yMC ,H satisfies the L°°-estimate (fPXTj) . This result 
allows us to apply the theorem 111.11 needed in the proof of the surjectivity in the 
section [T5l 

Theorem 12.1. We choose a regular value b > 0. Then there are two positive 
constants c and eo such that the following holds. For any e, < e < £0, any Si 7 
E E + e Crit^ e ,„ and any E E = A £ + ty e dt + <f> £ ds <= M E {ZL,Z E + ) 

(12.1) \\d s A E - d A ^ E \\ L ^ { ^ + \\d t A E - d AE * £ || LOO(s) < c. 

Proof. Since the two estimates (|11.8p and f|ll .9[) in theorem 111.11 hold also is we 
assume 



(12.2) sup \\d s A E - d A ^ e \\ LOO(s) + \\d t A E - d A ^ s \\ LH v) < c 

then by the Sobolev estimate for 1-forms on E, (|12.2j) implies (|12.1[) . In order 
to prove the theorem we assume therefore that there are sequences £„ — > and 
~y := A" + Wdt + <5> u ds e M E » (Si" , S^"), S^" G Crit^ Me „, H such that 

(12.3) rn u := sup ( \\d a A v - d A ^ u \\l«, (s) + \\d t A v - d A ^ u \\ L4(s) ) -> 00; 

furthermore we assume that there is a sequence (i„, s v ) such that 
\\d s A u (K,s 1/ )-d AHUtS ^ u (t v ,s 1/ )\\l 00{s) 

(12.4) 



+ \\d t A v (t v ,s v ) - rf J 4"(t„,s„)* !/ (* ! /,s I ,)|| J . 4(E) 
We will consider the following three cases. We denote by || • || the L 2 -norm on 
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= A v 




1 








s + 










1 


■tf" ^ 




1 




— i + U, 




m„ 






ml 


1 






1 




—t + u, 




ml 




m v 


ml 



Case 1: \\m. v ^ fao e v m v = 0. We take the sequence of connections E v — A" 
Wdt + $"ds defined by 



(12.5) *"(*,*) 
*"(*,*) 



then a" satisfies the Yang-Mills flow equations 
(12.6) 



If wedefine := - e^tf", := d s A v - d A „$ v and C v := - 94$" 
[^"j then we have the following estimates for the norms: 

(i2.7) (ti »p xR (ll^ll!- (=) + l|5rlL 4p!) ) = i. 



i s 'iii 2= y R /. T ii s 'ii^(=) <ftda 

= — \\d a A" - dA'&tfv < —, 

m v m v 



eimi \\C V \\" T0 = I I HCll* dtds 



(12-9) =[ f\ £ ^\\d s W -d t $-[*M\l^)rnldtds 
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The theorem lll.il tell us that for every open interval !1 C M, ? SI, and every 
compact set Q £ il there is a positive constant c such that 

snp {elml\\B»\\ 2 + \\d A ^f + IM^II 2 ) 

(t,s)eS 1 xQ 

+ sup (slml\\B^f + \\d A ,d* A ^f + \\d A ~<r Av BZ\\ 2 ) 

(t,s)eS 1 xQ 



S 1 xQ 
C 



^ C L _ ( \\ F A4 2 + 4ml\\B^\\ 2 + elmlc^ ± m )dt 



[ (slml\\B^ + etmi\\C\\ 2 )dt 
Js 1 xn 



<celml ( 



S 1 x(l 

1 



where for the last inequality we used that 



/ \\F A „ || 2 dt < m v c sups £ il / \\F A v\\ 2 dt < celrriu. 
Js 1 xn Js 1 



Since 
(12.10) 



it follows that 



sup ||B t l L 4 (s) < c sup (\\B?\\ + \\d A „BZ\\ + \\d A „BZ 

(t,s)GS 1 xR (t,s)eS 1 xR 

c 

< -> -> oo), 



sup ii5 s nu» (s) < c sup (iisni + ii^^n + 114^:11 

(t,s)GS 1 xR (t,s)eS 1 xR 

+ \\d A „d%B v s \\ + Hd^d^^l 
< — » — ^ oo), 



and this is a contradiction. 

Case 2: lim^oo e^m^ = c\ > 0. We consider the sequence of connections 
= A" + $t u dt + &ds defined by 

A v (t, s) := A" (e„t + t v , e 2 v s + s u ) , s) := Ev*" (M + ^, 4 s + s„) > 

s) := (e v t + t u , els + s v ) ; 

then E" satisfies the Yang-Mills flow equations 

d.A" - d A ^ v + d* A „ F A u - vf (d t A» - d A „W) - el * X Eut+tu (A v ) = 0, 

0.*" - vf *" - 4„ (M" - d*,*") = 0, 

In addition, if define B% := d t A v - d A „W, W s := d s A v - d A »§ v and C v := 
d s y - <9 t *" - [^! v , *"], for v -> oo, we have that 
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\d,A v - dfrV'fv = / / e " \\d s A v -d A A"\\ 2 L2(J1) dtds 



ei\\d s A» - dA'&fvm 4 dtds 
--e v \\d s A» -d A ,^\\ 2 L2 <ce v , 



\ cv \\l 2 ~1 I 1 ll c " y IL2 (s) dtds 



We can compute the estimates (| 1 1.81) and (|11.9[) of the theorem 1 1 1 . 1 1 also for e = 1 
exactly in the same way as we did in the proof of that theorem. Thus, for every 
open interval C 1, G f!, and every compact set Q £ fl there is a positive 
constat c such that 

sup (prn 2 +ii^rii 2 +ii4^rii 2 ) 

(t,s)eS 1 xQ 

+ sup (IKf + \\d A „d%B»f + \\d%d A „B»f) 

(t,s)eS 1 xQ 

~ c L,n ( l|F ^" 2 + ll ^ n|2 + C ^. v ^m + H^ll 2 + H^ll 2 ) dt 
1 

<C£„ + C — C £ 2x { A») 

where for the last estimate we used that 

\\F A „\\ 2 dt < — sup / \\F A .\\ 2 dt < ce v . 



Next, we consider 



el\\X t {A)\\ L ~<csl=: ( 



then 



sup p t l L 4 (s) <c sup (||S t "|l + 11^^11 + 11^^11) 

(t,s)GS 1 xR (t,s)GS 1 xR 



<ce3 -> (y oo), 
+ 

d A „d* A „B»J + \\d? Al ,d A >,B» s \\) 



sup ||5riU»(s) <c sup + + 

(t,s)GS 1 xR (t,s)eS 1 xK 



<e3 -> (i/ ->• oo), 

and this is a contradiction. 

Case 3: lim,,-^ e v m v — oo. We consider the substitution (|12.5[) as in the case 
1 and hence the new connection satisfies the Yang-Mills equations (|12.6j) and the 
estimates ([l27F]t - ([l27F]t . In addition, we denote B v s := d s A v -d A »® u , B v t := d t A v - 
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d^fy", B v s := — d^v® 1 ' '■ We recall that by the computations in the first and 
in the second step of the proof of theorem 111.11 we have 

i(s t 2 - d s )\m\ 2 =\wm* + 4-^v^m 2 + -^\\d* A „m 2 

+ ^> - (^d * X^ t {A»)BX 

\ {dl - a.) \\f a 4 2 =\WF A 4 2 + -±^\\d%,F A 4 2 

+ (F A „,{B» A Bfi) - (d A „F A „,*±X^ t+u (A»)), 

mf, m " 

\{d\ - d s )\\Bit =\\v»b s \\ 2 + ^ \\d A *m + -±^\\d%B:r 

+ -J-ziBZ, [d%B t ,Sn) - -^—^(Bg, *[B",*F A v]) 



thus for a constant cq > 

(^ll^f + ll^f + II^H 2 ) 

> - c-^wf^ ii 2 - cpni 2 - c\m\ 2 - 4 

efmf mf 

and hence by the lemma 111.51 there is, for any open set ft C R, € fl, and any 
compact interval Q C 57, a positive constant c such that 

sup (\\B»J 2 + \\B t \\ 2 ) 

(t,s)eS 1 xQ 



1_ „, . 1 



<c / p s 1| 2 + IIA1I 2 + — ll^ll 2 + — )dtds 



<— + csup / \\B v t \\ 2 dt< 
m v senJs 1 



Analogously, using the computations of the proof of theorem 111.11 we can obtain 
that there is a constant cq such that 

(a 2 - o s ) (\\d A „B?w 2 + \\d Av d A ,m 2 + + f) 



(12.11) 



> - -2-t\\F A „r - c¥a»w - c\\a* A „d A „B»r - c\\b» 

-c\\d Av B»f~c\\d A „d A „B:f-c\\B:\\ 2 
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thus, by the Sobolev estimates for 1-forms on E and the lemma [TTTSl we get, for 



(t,s)es 1 xQ v 

jv||2 



< sup (\\B^+\\d%d Av B»f + \\d Al/ d%B s 

(t,s)eS 1 xQ 

+ sup (Hflrf + ||d^fl t T + ll^vS t T) 

(t,s)eS 1 xQ 

<c f (\\d%d A „B v s \\ 2 + \\d A „d%B»f) dtds 

+ c [ (\\d A „B^ + \\d A „B»f)dtd S + — 
Js 1 xn m v 

<c— (\\d A „d A „B»\\l 2(ni} + \\d A »d* A „B 



* T3V\\2 

s llL 2 (ni) 



c 



< Vce v -> 

m,. 



where the last estimate follows from the lemma 111.31 and the third by 



(12.12) 



+ osu + ce u \\d A »B» s \\l 2(Qi) + c^-\\V t B»\\l Hni) 



and therefore we have a contradiction. In order to finish the proof of the theorem 
it remains only to prove (112. 12|) . By the identities 



b: 



1 



-2 A 



d%F A „-V t B»-*X^ t+t lA") 



L 2 (SxS 1 ) 



+ W^t^A" - rfA-- B t'llL 2 (ExS 1 ) 
= \\B"\\ 2 + ^ II^^A-llL^xgi) +£ 2 || V t^||L2 (Sx5 i) 

-v 2 2 || -„||2 

X lh t+t " <yA ' J } L 2 (SxSi) + H V(F 4-IIl 2 (SxS1) + \\ d A- B t\\ L 2 {s 

2e 2 (*X^_ t¥tv {A v ), ^d%F A , - V t B» 



xS 1 ) 



2 (B»,d* A „F A „ - e 2 V t B» - e 2 * X^_ t+U {A") 
2{d%F A „,e 2 V t B») ~ (V t F A „,d A „B») , 



-2 (d A „F A „,V t B») - 2 {V t F A „,d A „B») = 2 {F A „,[B v t A Bfl) , 



2 d* A „ F A u - e 2 V t B») = 2 (d A »B v B , F A .) - e 2 {V t B" a ,B v t ) , 
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by the Bianchi identity VtF^ —dAB t = and by the perturbed Yang-Mills equation 
(11.61) we have: 



ll^tl^QO + K^ll^no +e>ZI|V t £ t l2*(fi l) 
<^||*^ t+t „(^||^||^||i 2(SxS1) +4K* Vi X^ i+ ^(^),Sr)^ 

+ c / (^m y ||^S^||| xS1 + -^-||^||lx S i Us 

+ c f (elml\\V t B:\\l xSl +sup\\B»\\l xSl )d S 
Jn \ sen J 

+ c f (el\\B»\\l xS1 +cel)d s 
Jn 

+ c J ||^|U»( ExS i)(e v m 1 ,)-i (|l4^rilL(sxSi) +4™'l|VtS t l/ Hi2 (SxS i ) ) 



n 

+ ^1^^111,^) + — + ^ 

m, y 1 1; TO,, 



C£^ sup||B|'||^2 (ExS i ) 



sen 



where we use the Holder inequality and the Sobolev estimate in the first estimate. 
Thus choosing e v small enough 

\\ d A-Bt\\ 2 L 2 (ni) + \\d* A „Bt\\ 2 L 2 (ni) 

<-f + ce v + cevWdA-BZWhw + c^-\\V t BZ\\hw 
nil; nils 

With this last estimate we conclude the discussion of the third case and thus, also 
the proof of the theorem 112.11 □ 

13. Exponential convergence 

In this section we will prove the exponential convergence of the curvature terms 
B s and C stated in the next theorem. In order to simplify the exposition, for this 
section, we denote by || • || the norm || • ||l 2 (Exs 1 )- 

Theorem 13.1. We assume that every perturbed closed geodesic on M 9 (P) is non- 
degenerate. Then for every cq, b > there are four positive constants S, £q, c, p such 
that the following holds. //Se A^ e (Si , S 6 ^), Si, g Crity^e.jf with < e < So, 
satisfies, for B t := d t A - d A ^> , B s := d s A - d A ®, C := d s ^> - <9 t $ - [W, 

(13.1) ||-B s || L oo( SxS i xR ) + ||-B/||loc.( SxS i xR ) + e||C||i,oo( SxS i xR ) < c 

and 

(13- 2 ) ll- B s|ll 2 (ExS 1 x[0,oo)) + e2 ||C|li 2 (SxS 1 x[0,oo)) 
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< ce 



- P s 



then, for S > 1, 
(13.3) \\B S \\ 

L 2 (Ex5 1 x[S,oo)) fc 2 ||C|| 

Lemma 13.2. We choose a positive constant Co and we assume that every perturbed 
closed geodesic on M 9 (P) is non- degenerate. Then there are positive constants 
<5o,£o and c such that the following holds. If A + ^dt is a connection on P x S 1 
which satisfies, for < e < Eq, B t := dtA — d A ^ , 

1 



(13.4) 



\d A F A -V t B t ~*X t {A) 



+ ~ \\\d A Bt\\ L <~ + sup \\F A \\ L 2 { ^ } < S , 
L» £ teS 1 

(13.5) \\B t \\ LaB < c , 
where B t :— dtA — d A ^f , then 

(13.6) \\a + Hth,2,e <c (e \\V"{A, 9)(a, ^)|| 0)2 , £ + \Wa°V s (A, *)(a, V)||^) , 

II (1 - ^o)a + Hth,2.,e <c£ 2 ||2? £ (A *)(a, ^)|| 0i2)£ 

+ ce\\n A0 V"(A : ^)(a,n\L- 

for every 1-form a + ipdt on P x S 1 . 

Proof of lemma US \ 6 A We suppose that the lemma does not hold. Then there are 
sequences A v + ^ u dt, e v -> 0, such that, for B" := d t A v - d A ^ u , and 



8 V := 



^d\ v F A , - Vf^ - *X t (A v ) 







+ 


l-d* A „B» 







+ sup \\F A v\\ L 2 (s) , 
l°° tes 1 

with <S„ -> and (flUl))) or (fUTTf are not satisfied for A + *rfi = A" + Wdt and 
£ = £„• 



Claim: The following two estimates hold: 

||*U||i,2, e < \\d* A F A - e 2 V t B t - £ 2 * X t (A)\\ + ce 2 , 



\\B t \\ W <\\d\B t \ 
Proof. By the identity 



\d* A F A -V t B t -*X t (A) 



\B t \\+c. 



\\d* A F A - e 2 V t B t - £ 2 * X t (A)|| + £ 2 ||V f i^4 - d A B t 
\\d A F A \\ 2 + £ 4 ||V t B t || 2 + £ 4 ||X t (A)|| 2 + £ 2 ||V t F A || 2 
+ £ 2 \\d A B t f - 2 (£ 2 * X t (A), d* A F A - e 2 V t B t ) 
- 2e 2 (d* A F A ,V t B t ) - 2e 2 {V t F A ,d A B t ) , 

2 



1 



d* A F A - V t B t - *X t {A) 



1 



= NAS t |l 2 + ^||^^|| 2 + ||v t s t || 2 



|V t F A -d A S t |! 2 



+ ^ ||V t F A || 2 + p ||cUB t || 2 - 2 ^*X t (A), ^<&F A - V t B t 

- 2^ (d* A F A ,V t B t ) - 2-i {VtF A ,d A B t ) , 
-2 (d* A F A ,V t B t ) - 2 (V t F A ,d A B t ) = 2 (Fa, [B t A B t ]) 
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and since VtF A — d A Bt — by the Bianchi identity, the lemma holds. 



□ 



Thus, the L p -norm of the curvatures F A u -f B^dt is uniformly bounded for any p 
which satisfies the Sobolev's condition — | < 1 — | and hence for p < 6. Therefore, 
by the weak Uhlenbeck compactness theorem (see [TH] or theorem 7.1. in [H]), we 
can assume that A v + ^> v dt converges weakly to a A + ty°dt in W 1,p and hence 
also strongly in L°° . In addition we have that, for B® := dtA° — d A o"i> a , 

F A o=0, d* A0 B° t = d A aB% = 0, V° t B° + *X t (A°) e im d\ - 

thus, ^4° + ^dt satisfies the equations of a perturbed closed geodesic and therefore 
for any 1-form a on P x S 1 with a(t) £ il 1 (E,gp) 

IKxo(a)||i,a,i < c\\V (A )(Tr A o(a),TPo)\\ L * 
where ip satisfies —2 * [^0(0;) A *.B(] — d* AO d A oijjo = 0. Then 

IKao (a)||i,2,i < c| |tt A o (2[^o, St ] + d * X t (i4")7r A o (a) 



where we used 



V* V* TT A o{a) + — * [71^0 (a) A *F A » 



1 



L 2 



7r Ao (a) A * ( d AO (d* AO d A o)-\V° t B° - *X t (A )) - —F A > 



T d* A „F A „~V t B?-*X t (A ) 



*X t (A 



™ Lm ,\\A»-A»\ 



< \\ir Ao {a)\\ L » 

< ||7r Ao (a)|| L = 
+ \\n Ao (a)\\ L - ||V°£° + *X t (A°) - V?B? - *X t (A»)\ 



±d A „F A „-V»B»-*X t (A»] 

F 



< ^hA [a)\\i,2,i 

for v big enough. Therefore, analogously to the theorems 7.1 and 7.2 of [TO], one 
can prove that 



I a lk2 :£ „ < 



c(e v \\V°"{A V , ^)(a, 1>)\\ fl*, + ¥")(«, ^)|| i2 ) , 



\\a + ^ds-w A0 (a)\\ 2 , 2 ,e u < c(e£ ||^(^, i/0llo,2, e , 

+ e v \\iv Aa Vl» (A",* w )(a,^)|| ia 



Thus, we have a contradiction and hence we finished the proof of the lemma [13.21 

□ 



Proof of theorem \13.1\ To prove this theorem we proceed as Dostoglou and Sala- 
mon did for the theorem 7.4 in [7] . The idea is to find a positive bounded function 
f(s) such that it satisfies 

(13.8) /» > p 2 f{s) 
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for s > 1. Then, this implies that / has an exponential decay, because, since 

d s {e~» s (f(s) + pf(s))) = e~" s (V/(s) + f"(s)) > 0, 

f'(s) + pf(s) < (otherwise e~ ps (f'(s) + pf(s)) would be positive and increase; 
thus, since f(s) is bounded, e~ ps f(s) would decrease and hence f'(s) would increase. 
Therefore f(s) would be unbounded which is a contradiction.) and hence e ps f(s) 
is decreasing. Therefore, if a function / satisfies (|13.8[) . then 

(13.9) f(s) < e-'t-^ci. 

with a = /(l). By the a priori estimate (|11.12[) and the lemma [B~T1 for any 6 

(13.10) ||-B s || i oc( Sx5 i x { ;s }) + £||C|| l ~(exs 1 x{s}) < <5 
holds for s sufficiently big. We define 

(13.11) /(s):= 2i (ll^^ s )lli 2 (s) + £2 ll^ s )ll^(s))^; 

then, as we will show later, 
f 
2 

1 



f"(s) =^dU\\B s \\l^ xS1) +e 2 \\C\\l^ xS ^ 



> 



(13.12) 



—o (d* A d A B s + dAd* A B s 



[B„*F A ]) 



VtVtB s ~ d * X t (A)B s - 2[C, B t 



1 



+ ^\\d A d A C -e z VtVtC + *[B s A*Bt]\\ . 

e z II II 

Next, for s > 1 and 6 sufficiently small we apply the lemma fl3.ll for a + tpdt 
B s + Cdt and thus, 
f 
2 

\ (d* A d A B s + d A d* A B s * + * [B s , *F A }) 



f(s)^(\\B s \\l 2 , e + e 2 \\C\\l 2te ) 



<c 



ce 
en ( 



Vt^tB s - d * X t (A)B s - 2[C, B t ] 

2 

* [R A * RJ 



\d* A d A C - V t V t C + \ * [B a A *B t 



<cf"{s). 

Therefore, p 2 f(s) < f"(s) for p > small enough. Thus, by (jT3J)) 



(> 



B 



slli^SxS 1 ) + 6 IICIIi^ExS 1 ) 



i,) ds < ce" pS 



for S>1. 



Proof of \13.12\) . First, we consider the following two short computations that are 
consequence of the commutation formula (| 1 1 .4[) and of the Yang-Mills flow equation 
CUD : 



(13.13) 



W t d A C =d A V t C + [B t ,C] = -^d A V t d* A B t + [B U C] 

=Ld A d A V t B t + [B U C] = \d A d* A B s + [B t ,C], 
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d* A V t B s =V t d* A B s + * [B t A *B S ] = V t d* A V t B t + * [B t A *B S ] 
' l ' > ' 14 ' =V t Vt^B t +*[B t A*B S ] = e 2 V t V t C + *[B t A*B S ], 

for in both cases we use [B t A *B t ] = and [F A , *F a ] — 0. In the following we use 
the notation 



1 



D\ :=^d* A d A B s - V 4 V t B s + V t d A C - d * X t {A)B s 



1 



[B.,*F A ] + [B t ,C\, 



D 2 :=£ 2 V t V t C - d* A d A C - *2[B S A *B t ]. 
Next, we can compute the second derivative of ||-B S || 2 + ||C|| 2 j i-e. 

I 5 2 (||B s || 2 + e 2 ||C|| 2 ) 

= || V S B S || 2 + e 2 ||V s C|| 2 + (V S V S B S , B a ) + £ 2 (V S V S C, C) 

2 



1 



V s d* A F A - VsViSt - *V s X t (A) 



1 



\Vsd* A B t \\ 2 



- ( v s v s , 2 . 



d* A F A - V t B t - *X t {A) ),B S ) + (V s V s d* A B u C) 



where in the second step we use the Yang-Mills flow equation (|11.2p . Then by the 
commutation formula (| 11 .4|) 



—d* A V s F A - V t VsB t - d * X t {A)B s - - * [B s , *F A ] - [C, B t 



^\\d A S7 s B t -*[B s A*B t }\\ 2 
V s ( \d* A V s F A - V t V s B t - d * X t {A)B s ) , B 



-2*[B a ,*F A ]-[C,B t ]\ ,B. 
+ (V S ((T A V.Bt-*[B a ABt]),C) 
and by the Bianchi identity 

= \\D 1 f + ^\\d\V t B s - d* A d A C - *[B S A *B t ]\\ 

\d* A d A B s - V t V t B s + V t d A C - d * X, ( . i ) ZJ, ) . U 

V. [~*[B a ,*FA]-[C,B t ]\ ,B S 
+ (V s (d* A V t B s - d* A d A C — *[B S A Bt]) , C) 

in addition, if we apply (|13.13l) and (113. 14[) . then 



= pif + ^p 2 || 2 - (V S D 1 ,B S ) + (V S D 2 ,C) 
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if we permute the derivatives in D\ and D 2 with V s and we apply the partial 
integration, then 

1 



= \\Dx\Y + -^\\D 2 \\ 2 - (V s fl s ,I>i) + (V S C,D 2 



-^d* A dA ~ V t V t + -^dAd* 



j * [B s , *V S F A ] + 2 [C, V s B t ] + d 2 * X t (A)[B s ,B s ],B t 

+ ( [V., (e 2 V f V t - d* A d A )] C,C}-2 (* [B s A *V s B f ] , C) 
The last three lines can be estimates by 



V s , -^d* A dA 



B s , B ( 



=—\2([BsABs},d A B s 
e z 



. cS 



cS 



<-5||fl.|| • H^flJI < -rH^fl 



<5||fl s || 2 , 



|([V S , V t V t ] fl s , B s ) \=\([C, V t B s ] , B s ) + (V t [C, B s ] , B.) 
= \2{[C,V t B s },B s )\ 
<cS\\C\\ ■ \\B S \\ < cS\\C\\ 2 + 8\\B S \\ 2 , 



V s , -^dAd* A 



B s , B s 



=0, 



<^||d A fl s ||-||fl s || < 4ll^fl s || 2 + <5||fl s || 2 , 

<cS\\d A Bs\\-\\C\\<^\\d A Bsf + e 2 S\\C\\ 2 , 
=0, 



<«S||C|| • lldAfl.ll <e 2 5\\C\\ 2 + %\\d A B. 



2 



j * [B S ,*V S F A ],B S 

|(2 [C,V s B t ],Bs) 

|([V s ,e 2 V t V t ] C,C) 
\{[V s ,d* A d A ]C,C) 

|(2* [B s A*V s B t },C) 

\(d 2 *X t (A)[B s ,B s ],Bs) 
we can therefore conclude that 

ia 2 (||S s || 2 + £ 2 ||C|| 2 ) >2 H^ll 2 + |||Z? 2 || 2 - ^||^fl s || 2 

-5||B S || 2 -ctf||C|| a +c$||tUC|| 

>\\ Dl f + ^\\D 2 f 

where the last step follows from the lemma [T3.2l and choosing 8 and £0 small enough 
and thus, we concluded the proof of the identity (|13.12[) . □ 



= \2{[C,d A C],Bs)\<c5\\d A C\\ 2 , 
<cS\\C\\ 
<cS\\B s 



2 



We concluded therefore the proof of the theorem 113.11 
Next, we use the notation of the section [TT1 



□ 



Theorem 13.3. We choose four constants b,co > 0, p,s\ > 2. There are three 
positive constants £0, c and p such that the following holds. If a perturbed Yang- 
Mills flow 5 = A+ Vdt + <&ds G M £ (E-,E+), with E± = A± + 9±dt G Cnt b yMS , H 
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and < e < eo, satisfies 

(13.15) \\d t A - <U*||l«(E) + \\dsA - gU$||l= ( s) < co, 
then 

(13.16) sup (||fla|U-( E )+e||C||£» (E) ) <ce~ ps °, 

(t,s)eS 1 x[s ,oo) 

(13.17) sup (M + A/2 + A/3 + A/" 4 ) < ce 2 e- ps °, 

(t,s)eS 1 x[s ,oo) 

(13.18) sup (||a||L»(S)+e||V t a|| L ~ (s) ) <ce-" s °, 

(f,s)eS 1 x[s ,oo) 

(13.19) sup (||d>|| L » (s) + ||d A a|| L » (s) ) <ce-^°, 

(t,s)eS 1 x[s ,oo) 

(13.20) sup {e\\V t d A a\\ LP{12) +e 2 \\V s d* A a\\ Lvm ) <ce~ psa , 

(t,s)<£S 1 x[s ,oc) 

(13.21) sup (£||^||L~(E)+e||^||L~( S )+e 2 ||V t ^|| L » (E) ) <ce-" S0 , 

(t,s)eS 1 x[s ,oo) 

(13.22) sup (e 2 |!V t d A VIUp(s) +£ 3 ||V s d A 0||L P (S)) < ce- pSo , 
(t,s)eS' 1 x [s , 00) 

(13.23) 

sup (\\F A -F A+ ( S )\\ L ~ { z } +e\\V t (F A -F A+ ( S ))\\ LP{j:) ) < ct^h-™, 

S 1 x [s , 00) 

(13.24) 

sup U-^WsFaU^ + e 2 \\V t Vt(F A - F A+ (s))\\ LP p)) < ce^ e~" Sa , 

Sixlso.oo) v 7 

(13.25) sup (\\B t - B+\\ Lao +e\\\7 t (Bt- B+)\\ LP ) <ce- pSo , 

5 1 x[so,oo) 

(13.26) sup e 2 \\V s (B t -B+)\\ LP <ce- pS0 , 

S 1 x [s , 00) 

where sq > si and, for g £ C?q' 2 (£ x S 1 x I) defined by g~~ 1 d s g = $, 

A+(s) + 9+(a)dt := g(s)* (A+ + *+dt) , 

a(s) + 4>{s)dt := (A(s) + *(s)dt) - (A+(.s) + 9+(s)dt), 

B+(s) :=d t A + (s) + d A+{s) * + (s). 

Proof. By the estimate (| 1 1 . 12[) . the theorem 1 1 3 . 1 1 and the lemma [BTTI we know that 
there two constants p and c such that 

sup (HBjicopg+ellCIU-) <ce^ s °, 
2 (MjeS^xN.oo) 

sup (AA 1 +AA 2 +AA 3 +AA 4 )<ce 2 e-' ,S0 . 

(t,s)eS 1 x[s ,oo) 

Thus, if we integrate the first estimate of 113. 271 we have 

sup (IMU-(s) + ellV'lU-Cs)) < ce~ ps ° 

(t,s)eS 1 x[s ,oo) 
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and if we pick S2 G [so, oo), then the third estimate of the theorem follows from the 
computation 

e||V t Q(s 2 )|| L » (s) < / £ ||V s V t (A(s) - A + (s)|| L0 o (s) ds 

J OO 

< / e\\C\\ L ~\\A(s) - A+(s)\\ L ~ ( z)ds 

J OO 

+ / e||V t V a (A(s)-0(*)M + )|| 1 « (E) da 



<ce- pS2 + / e\\V t (d s A(s) + [V(s),A(s)] 

J OO 

- Ms),g{s)*A+] - d gis) . A+ $(s))\\ L ~ m ds 
<ce' ps ^ + [ * e\\V t B s \\ L ~ {S) ds 

J OO 

< ce -^2 + c f ( e || Vt S s || L 2 (E) + e\\d* A d A W t B s \\ L 2 (i:) ) ds 

J OO 

/"S2 

+ / e\\dAd A V t B s \\ L 2(£)ds 

J OO 

<ce^ S2 

where the constant c does not depend on (t, s 2 ) for (i, s 2 ) G S 1 x [s ,oo). The 
second step of the computation follows from the commutation formula (|11.4[) . the 
third by the definition of g(s) and the previous estimates, the fifth by the lemma 
[0 and the last one by 113.271 The estimates (|13.19p - (|13.22p follows in the same 
way. Next we prove the first part of the (|13.23|) . By 

sup \\Fa\\l°°(t.) < ce 2 
(t,s)es 1 x[s , 00) 

and by the Bianchi identity d A B s = V S F A and by the lemma [B. II 

sup ||V s Fa||l°°(£) =c sup \\d A d* A d A B s \\ L 2^ < cee~ ps ". 

(t,s)GS 1 x[s ,oo) (t,s)eS 1 x[s ,oo) 

Thus, integrating the last estimate, sup( t a ) 6i sji x r a \\F A — F A+ ||i>»( S ) < cee~ ps ° 
and hence 

sup \\F A - F A+ \\ p LOB[s) 

(t,s)eS 1 x[s . .oo) 

<cse- pS0 sup (Hi^lU-CE) + ||i ? A + |U=o (E) ) p " 1 

(t,s)GS 1 x[s ,oo) 

<ce 2p - 1 e- pso 
and finally we obtain 

sup \\F A - F A+ \\ L oo {S ) < ce 2 ~?e-p S0 . 

(t,s)<ES 1 x[s ,oo) 

The other estimates of (|13.23p - (|13.26j) follow in the same way using the Bianchi 
identity, the Yang-Mills equation (|4.2I) in order to commute the operators and the 
estimates (|13.27|) . □ 
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14. Relative Coulomb gauge 

Theorem 14.1. Assume q > p > 2, q > 4 and qp/(q — p) > 4. We choose 
So = Aq + ^odt + &ods G _4 1,P (3_,S + ) such that Fa = 0. Then for every 
constant cq > there exist constants 5 > and c > such that the following holds 
forO <e< 1. //He .4 lj> (S_, 5+) safefcs 

(14.1) e 2 ||4;(s-/C|(s ))|| LP <c o£ f, ||s-/C|(So)|| 0i , )e <fei, 

then there exists a gauge transformation g G Gq' p (P x S 1 x 1) such that 

4- 07*3-/3(30))= 

and 

(14.2) 110*3 - S|| liPie < cs 2 (l + E -i ||3 - ^(3 )|| 1|J)i£ ) (3 - £|(3 ))|| LP . 

This last theorem is analogous to the proposition 6.2 in [7], but if we compare 
them, we will remark some differences. The first one is given by different rescaling 
in the s direction induced by the equations (we have an e 2 factor instead of e) and 
this also induces a difference in the Sobolev's estimates and it causes the change 
in some exponents: -, - and — - become -, - and — -. The second difference is 

1 p 1 q p P Q V 

an extra e 2 factor in the first estimate of (I14.1[) and in (|14.2I) ; this is given by the 
difference in the definitions of dtf . In [7 it is defined by, with So =: A + ^dt + ^ds, 

(14.3) d% s o (a + ipdt + <pds) = d* A a - s 2 V t ip - e 2 V s 0, 
our definition is instead 

(14.4) e 2 d*^ o (a + ibdt + <f>ds) = d* A a - e 2 V t ip - e 4 V s 0. 

The third difference is that we use the difference 5 — /C§(So) instead of 3 — So and 
this is needed in order to have finite norms. 



For any a G K we define p a : M 2 — s- M 2 by p a (t, s) = (t,s + a). 

Theorem 14.2. We choose p > 10 and b > 0. LetZ G A4°(S_,S + ), 5± G Crit^ H 
with index difference 1. Then there exist three positive constants Sq,6 and c such 
that the following holds. If < e < e and 3 G .M e (T e,fc (S_), T e,fc (S + )) such that 

(14.5) ||3- £1(30)11^ ^fc 1 -!, £ 2 ||V s 5|| 0p e < c£ 1+ i 

then there exist a G M and g G Gq ,p (P x S 1 x K) such that S e = g* (S o p a ) satisfies 

(14.6) ^;(5 £ -iCI(Ho)) =0, 5 £ -JCI(Ho) G im (2? £ (/C^(5 )))* 
and 

(14-7) ||S £ - /CI(3 )|| ljP)£ < c ||S - /Cf (3 )|| 1)P)£ . 

Furthermore, for S e — /C|(3q) := a e + ip e dt + 4> e ds and 3 — /C| (So) := a + ipdt + ifids, 
then 

(14-8) l|V iC /|| iP < ||VHIlp + c ||S - /C|(S )|| liJ))£ , 

(14-9) l|V s a £ || iP < \\V s a\\ LP +c\\E- IC £ 2 (E )\\ l p E , 

(14.10) ||V^|| iP < ||VtV|lw + c ||3 - /C^3o)|| liP)£ , 
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(14.11) ||V S V £ || LP < ||VW»|lz*+c||S-/C§(5o)|| w , 

(14.12) \\Vt^\\ LP < ||V^|| LP +c||S-^(H )|| liJ))£) 

(14.13) HV.^Hi, < IIV^II^ + cHS-ZCKHo)!!^. 

In order to prove the theorem 114. II we need the following lemma 

Lemma 14.3. Assume q > p > 2, q > 4, and pq/(q — p) > 4. Given cq > i/iere 
exists a constant c > smc/i £/ia£, z/ |j?y||ioo < co and g = exp(ry), £Aen 

(14.14) 

e 2 ||d£ ( 5 *S - 5 - d s? 7)|| LP <CE-f + ||S - £§(3o)|| 0> ,, e + e 2 ) |M| 2 , P)S 

+ ce-f ( £ 2 ||4;(S~/C|(S ))|| iP + £ 2 ) |M| 1)9 , e 

and i/ ||77||i,g )£ + ||3 - 5o||o,g,e < c e% tfien 

(14-15) llff*a-S|lo, g , 6 <c||r»||i,,, ei 

(14.16) \\g*E - S|| l!P)£ < c (||7 7 || 2 , p , £ + e -f ||S - 3 ||i, p , E |M|i, g , e ) . 

Proof. The lemma follows exactly as the lemma 6.6 in [7 using the estimate (|9.5I) . 

□ 

Proof of theorem \l4-l\ We choose Si = S and we define the sequence 3„, for > 2, 

by 

Sf+i = 3^ = exp(7?„), 4; (d Ho ^ + S„ - /C|(S )) = 

by the definition of and the lemma 6.4 in [7] and the Sobolev theorem 15.11 we 
have that 

(14.17) IM| 2)P , E + E^-tlMi,^ < Cl e 2 \\d%{E v - /C|(S ))|| LP , 

(14.18) ||^||i, g , e <c 1 ||a i/ -X:i(So)||o,,, e . 

In order to conclude the proof of the theorem we need first to show by induction that 
there are three positive constants C2, C3 and C4 such that the following estimates 
hold. 
(14.19) 

||S„ - /Cf (Ho)|| 0j , te < ca ||S - /C§(Bo)|| 0)flie + c 2 ||n im dBo (S - /C| (S )) 1 1 , 
(14.20) 

e 2 ||4; (5„ - /CI(S ))|| Lp <c 3 £ 2 -t ||3„_i - JCI(3o)|| 0i , ie ||4; (S v _i - Kf(3 ))|| i}) 

+ C3£ ||»7i/-l||2j),e) 

(14.21) ||4; (E v ~ /C|(S ))|| ip < 2 1 "" ||4; (3 - ^(S ))|| Lp , 

(14.22) H^Hi,^ < C42-" (||S - ^I(S )|| 0)9£ + ||n im dBo (S - ^(3o))|| 0ipe ) • 
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For v = 1 (|14.19|) and (|14.21j) are satisfied by definition and with c 2 > 1, (|14.18p 
implies (| 14. 22|) for C4 > 2ci and (|14.20|) is empty. Next, we consider v > 2. By the 
assumptions of the theorem and by (|14. 18p . for <5 small enough, we have that 

\\Vj\\l,q,e + -/C|(So)||o,g,e < e«, J = f. 

By lemma [Upl and (j!4.22|) 

+ l - S jllo, 9 ,e < c 5||^'l|l,g,e 

< C5C4 2-^ (||s - £5(H)|| 0i , )B + ||n im dEo (s - /ci(H ))|| 0ip J 

and thus we have (|14. 19|) . Next, 

=4; te* 3 * + [4; ( s - - £§( s o)) a ^ 

+ [d£ (/Cf(S ) - S ) A Vl/ ] - * £ [* £ (H„ - /Cf (H )) A d Ho ^] 

- *e [* s (/Cl(3 ) - S ) A d 3o r] v ] 

and hence by the lemma (I14.17[) and by (|14.18|l . (|14.20|) . we can conclude (jf 4.201) . 
By (I14.17[) and (|14.20|) we get 

||ty/||2,p,e + ||»7v||l,g,e 

<c lC3 £ 2 -I ||3„_i - JC§(So)|| ,,, B \\d%l (3,_! - JC§(So))|| £ „ 

+ C 2 C 3 £ 2 ~p ||ds 7? y II 0,p,6 

and hence 

IM|2,p, e +e' - «IM| i, g , e 

<c lC3 e-f ||H„_i - /C|(S )|lo, g ,6 (S.-i - ^I(2o))|| LP 

2- 



+ c 2 c 3 e » || n ta r_ o (S I/ _ 1 - /C|(3o))||o, 3 



and 



£ 2 ||^ n (H„-/CI(So))| 



(14.23) <2c 3 e 2 -t - IC^E Q )\\ q £ \\d£ (3^ - /C|(S ))| 



c 2 c 3 e 2 ? ||n d (s„_i - /c^o)) || 0, P ,< 



By ([14481) and (fl419)) 

||%||i,8,6 < c c 3 || S-/C!(E ) || 0i9i£ 

using (|14.23|> 

IMIi, 9 ,6 <16 Cl c 2 c 2 ,52- ||H v _ a - /C|(3 )|| 0>giE 

+ c 2 c 3 e 2 - 1 ||n dso (E„_i - £|(3 ))||o, P , e . 

(114. 22|) therefore holds for C4 = 1 whenever <5 and e are small enough. The lemma 
11431 with (HXT71) and (fT4~T5j) implies 

||S„ +1 - S.H, ^ < c 6 e 2 (l + e-l ||H„ - /C| (S ) || 1>;p , s ) ||d£ (2, - So)|| L , 
and thus, for S sufficiently small, 

||H,-H || l!P)£ < £ f +2||H-/CI(H )|| 1)P)£ . 
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The sequence converges therefore in W 1,v to a connection S £ which satisfies the 
condition d~ E Q (S £ — So) = and the estimate (|14.2[) . In addition, the sequence 

h v := g\g%—g v satisfies /i*3 = S„ and converges in Gq' p (P x S 1 x M) to a gauge 
transformation g which satisfies g*~E — S £ . □ 

Proof of theorem \l4-S\ We follows the proof of the proposition 6.3 in [7] adapting 
it for our needs. First, we consider the estimates 

(14.24) 

||S o r a - /Ci(So)|| liP , e < ||S - /CI(S )|| 1)J)!E + ||/C|(Ho) o r CT - /C| (S )|| liP , £ 

<||s-^(s )|| liPi£ + H-||9 s /C|(s )|| 1 ^, 

||V S (S o r CT - /C|(So))|| ^ e < ||V S (S - /C|(So))||o,^ s + cM • ||S - Kl(E )\\ LP 

+ ||V S (/CI(S )or CT )-V s /CI(3o)|| 0iPi£ 

< ||V S (S - /C|(S ))|| 0iP!£ + c |«t| -||s - /q(s )|| LP 
+ c\a\ ■||e.V.^(H )|| 0)Pie , 

||V, (S o r CT - A3(3 ))|| 0iPie < ||V t (S - /CI(3 ))|| 0iP)£ + c|a| • ||S - /C|(S )|| LP 

+ ||V t (^(S )or a )-V t /C|(S )|| 0ip e 

< ||V, (S - /CI(3 ))|| 0iP)£ + c|<r| -||S - /C|(So)|| LP 
+ cH-||fl.V t ^(So)|| 0>P)e) 

where, by the definitions of the section [9l 

ll^(ao)lli, Pl8 < ll^ s o|| l!P)S + l|v s (/c|(s ) - E )\\ hPte 

<II^So|| liPi£ + ce 2 , 
||a s V s /C|(S )|| 0!PiS < ||9 S V S S || ^ + ||V S V S (/C|(S ) - S )|| LP 

+ ||v s oq(So)-s )|| iP + C £ 2 < c , 
||a s v t /ci(s )|| 0PiS < ||a s v t 3 || 0)PE + ||v 5 v t (/cf(s ) - s )|| LP 

+ ||V t (ACi(Ho)-Ho)|| Loc +ce 2 < c. 

Therefore for |er| < Sep, ||S o t ct — /C§(Ho)Hi P e — f° r e sm all enough, and thus 
by theorem 1 14. 11 there is a gauge transformation g a G Gq' p (P x S 1 x R) such that 
forS CT = 5 ;(Sor CT ), (S CT - /Cf (S )) = and ' 

||S CT - Kl(E )\\ hPje < ci (|a| + ||S - X3(So)|| 1)Pi4 

We assume that go = 1- We need to show that there is a a such that E a — /Cf (So) € 
im X> e (/C|(S ))* and |<j| < c 2 ||S - /C|(S )|| 1)P)£ . The estimates ([TO ]) - ([lXB]! fol- 
lows as (|14.24[) and (|14.25|l computing separately every component. 

2?°(So) is onto and has index 1; therefore its kernel is spanned by £o = 9 s So £ 
W 1 '?. Then T> £ (/CI (So)) has index 1 with the kernel spanned by 

£ e = Co - V* (/Cf (So))* (2? e (/CI (So))2? £ (/CI (So))* r 1 2? £ (/CI (3„))$>. 

Consider now the function 9(a) — (£ e ,S CT — /CI(S )) £ ; thus, if 9(a) — 0, then 
S CT — /CI(Sq) € im 2? £ (/C|(So))*. We assume that there are positive constants 5q, 



(14.25) 
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So and po such that, for < e < eq, 

(14.26) |<7| + ||H-£I(S )|| liPie < Soe^l => e'(a)>p . 

Then the existence of a zero for 9(a) follows from 

1*9(0)1 = K&,E-/CS(So)> e | < ||6llo, g , e IIS- /C|(Ho)|| , p , e < cafe 1 -- 

where g = In fact, if c 3 5 < ^5 a p 0l 5 < ±(5 , then ||S - /C|(S )|| lpe < ^e^p. 
Therefore, by 1)14.260 . there is a cr e R with |<r| < ^ < i^e 1 "^ such that 



9(0) 

ID d L> C 1T4, W1L11 |U | " 

0(a) = 0. For this cr, we have 

\a\ < c\\E - /CI(H )|| 1)P!E , S CT - A^(So) e im V%K%{E Q )T . 
Thus, in order to finish the proof of the theorem we need only to show (114. 26)) . 

Proof of We define r) a — g~ 1 (ftger — d s g a ), then 

(14.27) 0'(a) = <&,ftS a + <fe,^} E , ^ o (S a -/Cl(H ))=0. 
Thus, 

(14.28) d&diEa + d%d^ or}a + d%l [(S CT - S ) A Va ] = 0. 

_ 3. ii _ 

If e p Ij^cr — /CKHojUi p e and ||/C|(3o) — ^ || 1i00j£ are sufficiently small, then there 
is a unique r) a which satisfies ()14.28p . furthermore 

ll^lli,^ <c ||a s S CT || < c (l + ||ft (S CT - S )|| ) 

(14.29) V ' 
<c (l + ||V S (S CT - ^(So))|| 0lP , e + ||H CT - /CI(S )|| 0iPr 



where the last step follows from the definition of /C| and the estimate (|9.5|) . Since 
ds £e = 0, we have 

<C||S CT — SoHoo,e II^Ho,p,£ 

<ce-f ||S CT - So|| ljPje (l + || V, (H ff - ^(So))|| 0)Pj4 

+ ce _ * II s <t - 2o|li )Pje IIH,, - /C|(H )|| 0p)£ 
< c <5 + cSe-le 1 "! ||V, (S, - /C§(3 ))|| , P , e . 

where the second inequality follows from the Sobolev theorem l5.1l and from ()14.29j) 
and the last one is a consequence of the assumptions. Next we consider 

(t e ,d s Z a ) e = (ft£ £) /C!(S ) - E a ) E + (^,ft/CI(H )) E , 

Since ||<9 s So|| 02e > 3po > for some po, (£ e , ft/C|(So)) E > 2po by the definition 
of £ £ and thus (£ £ ,<9 S S CT + d-= a ri a ) e > po for J small enough. Hence, by (|14.27[) 
6'(a) > p . □ 

□ 
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15. SURJECTIVITY OF 1Z e ' b 

In this section we will show that the map lZ e b defined in the section [10] is also 
surjective. 

Theorem 15.1. We assume that the energy functional E H is Morse-Smale and we 
choose b > to be a regular value of E H . Then there is a constant So > such that 
the following holds. For every e G (0, Eo), every pair S± := A± + ty±dt G Crit^H, 
the map 

(i5.i) n e > b ■. m° (--,-+) ^ m e (T E ' b (z„),T £ > b (z+)) 

is surjective. 




Proof. We prove the theorem indirectly. We assume that there is a sequence G 
M e v (7-^.&(s_) ) 7-^,&(s + )) ; Ev -> 0, that is not in the image of Tl E " b . Hence by 
the theorems lll.il and 112. 11 for a positive constant Co, 

\\d s A u - d A »$ v \\ L oo m + e„\\d s V - d t $ - $]|U- (E) < c , 

( 1 5 2") 

^liatA" -d A » * v || £ o. (E) + ||*V|U-(s) + IMa^a^|U=(£) < co4 

and all the estimates of the theorem 113.31 The proof is structured in the following 
way. In the first step, see figure [l5jl, we will define a sequence EE^ which converges 
to E± for s — > ±oo and in the following step we will project it on the space Aq(P) 
defining a new sequence E^; then by the implicit function theorem 115.31 there is a 
subsequence of S£ which converges to a geodesic flow (step 3). Finally, after choos- 
ing appropriate gauge transformations and time shifts (steps 4-6) we can show that 
the sequence satisfies the assumptions of the local uniqueness theorem 110.21 (step 
7) and therefore a subsequence turns out to lie in the image of K s ' b . This yields to 
a contradiction. 

Furthermore, we assume that there is a positive So such that = for |s| > So- 
In the general case, the converge to for |s| — » oo in an exponential way and 
hence we can find a sequence {<?j,}„£N of gauge transformations such that g*JE? has 
the above property. First, we pick the sequence {gv}v&i of gauge transformations 
defined by g^ 1 d s g L/ :— and we define 

Al{s) + V v ± (s)dt := g(s)*(Al + 9 v ± dt), 
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for Hj. := A± + *f?±dt := lim s ^.± 00 "By . Second, like in the section ITOl we choose 
a smooth positive function 9(s) = for s < 1 and 9(s) = 1 for s > 2, such that 
< 6 < 1 and < d s 9 < cq with cq > and we define a family of 1-forms ctQ+iptjdt 
as 



(15.3) 



$ = a v + %dt :=6(-s) ((A v _ + $> v _dt) - (T E "> b ) 1 {A v _ + * v _dt)\ 



+ 6(s) ((A u + + W + dt) - (r £ "' fc ) 1 (A+ + V u + dtj) ■ 
in addition we denote 

a v + if) v dt + 4> v ds := 6{-s) (»" - E u _) + 9(s) (Z v - E u + ) 
which satisfies the uniformly exponential convergence estimates of the theorem ll3.3l 

Step 1. We define E£ = A\ + ^dt + $^ds := E v - then there is a constant 
c > such that 



(15.4) 



\8tAZ - d A **Z\\ L o 



\d s Al ~ d A ^l\\ LO 



(£) 



< c 



(15.5) \\Fa»\\l<»V) + £ l ||vf {dtAl - d A »Xi) 

and for s > 

cu? - d A ^ - vf ($a? - d A ^i) - 



LJ'(S) 



—d* A ,d A -a^. 



F A » 



a", ( d A+ [al - a v + ) + -[a v Q A a£ 



+ (*X t {A+) - *X t {AD) + (*X t (A v ) - *X t {A v + j) 

+ [r, {{dtA» - d A ^) - (d t A\ - d A ^\))] + Vf + (bP v ,<] - K>oD 
where ± (s) 6 im d^ ± ( s j are defined uniquely by 

d* A± d A± a^ ± = elvf ± (d t A± ~ d A± V ± ) . 

Proof of step 1. The estimates (|15.4[) and (jl5.5[) follow from (|15.2[) . from the in- 
equalities of the theorem 11.11 the remark 11.21 and the Sobolev theorem IA.lt 

\\dsAl - d A ^ |Uoc (E) = \\d.A" - d A ** v h-p) < c, 
\\d t A\ - d^*ilU-(=) <\\&tA u - d A ^ v \\ L ~ m 

+ l|Vf" «olU-(S) + IU»(E) < c ; 

II^IU-(E) < ||^||l~(S) + ||^aolU~(E) +c||aolU~(E) < c, 



1 



< 



r2 Jd^^A 



< 

!,*>(£) 
LP(E) 



LP(S) 



Lp(S) 

c < c 
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where for the last estimate we use also the Yang-Mills flow equation (|4.2|) . In order 
to prove the identity, we first remark that 

d s A" x - d A ^\ ~ Vf (d t A" x - dA^l) - *X t (A v x ) 

=d s A v - d A »& - Vf (d t A» - d A ^») - *X t {A") 

+ *X t (A v ) - *X t {Al) + K, (d t A v - d A ^")] 

+ vf ((d t A v - d A ,W) - {d t Al - d A ^)) ; 

next, in order to simplify the exposition, we consider s > 0, for a negative s the 
proof is analogous. Since S y is a Yang-Mills flow, we have 

d s A V ! - d A ^\ - (d t A\ - d A ~*\) - *X t {A'i) 



1 



:d* A „F A „ 



V \d t Al-d A ^\ 

d A ^ V )-(d t A U + -d y * 



+ ((d t A v 

+ [V, {{dtA v - d A ^ v ) - (dtA'i - dA**!))] 

+ Vf+ ((d t A v - d A „¥") - (dtA'i - d A ^X)) 
+ (-*X t (A v x ) + *X t (A v )), 

Furthermore, since 

(d t A v + - d A » + * v +)] + V * + ((^ " d A^ u ) - {dtA'i - d A ^i)) 

= + Vf + (d t A u + - d A% *l) - Vf + (d t A+ - d A+ *. 



+ Vf + ([^, 



[a", Vol 



*X t (A v , 

+ *Y,(A+) + vf + - K^oD 

where the last identity follows from the equations for the perturbed geodesies (|1.3[) 
and for the perturbed Yang-Mills connections (|1.6p . Thus, 

- dx r *i - vf " (cm? - d A ^i) - *x t (A x ) 



rd* A d A+ al + 



—d\ v F A v + • 



^d* A , + F Al - —d* A+ d A+ a^ + 



+ [r , ((d t A» ~ d M W) - (d t A v + - d A ^^jJ 
+ (- * X t (Ai) + *X t {A+)) + (*X t (A v ) - *X t (AD) 
+ [r, ((d t A» - d A »* v ) - (dtA^ - d A ^i))] 
Next, the first step then follows directely using the identities 



F A „F A . =d* A u(F A , -F A ~)-* 



a v ,* ( d A+ a v + -[o% A aft] 



+ d* Al F A » + , 



~j2 d *A+ d A+aQ,+ = --^d* A „d A+ ao + -\* [a v ,*d A+ a^ + ) 
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□ 



Since F A u + d A »a» Q + %[a% A ag] = F^, d A+ ag + ±K A ag] = F A » + for s > 2, 
we have 



(15.7) 



= F A * - F A * 



[a u A a" Q ] , for s > 2, 



and thus we can estimate the norm of F A », for any q > 2, by 



(15.8) 
for s > 2. 



L«(E) 



+ ll[o"Aag]|| 1 , (E) 



Step 2. There are two positive constants c and <5 such that the following holds. For 
every there is a connection S£ := A% + ^ u 2 dt + $%ds = ~}{ + a\ + ip^dt + (f^ds, 
a" G im d* A u , which satisfies 



Fa* = 0, 

in) d* A Jd s A% - d A .M] 



u 



d A Jd t A%-d A »W)=Q, 



0, 



KOOII 



v 



) \\7r A »(j*>(E» 2 ))\\ LP <cel vi) \\-k a% (F° (30) || lp(e) < cel~ 
vii) lim. 



I LP 



Proof of step 2. By the the first step we know that \\F A » < ce 2 and thus, for e 
small enough, the lemma IB.2I allows us to find a positive constant c such that for 
any A\ there is a unique 0-form 7^ such that 



(15.9) F Ar+ ^ p , =0, ||^7lLoo (E) <c||F^|| ioc(s) <c4. 
and $2 are then uniquely given by 

(15.10) d* A u (d t A» - d A ^ v 2 ) = 0, d\„ (8.AZ - dA*$Z) = 0. 
Therefore i), ii) and m) are satisfied. By (|15.8[) , (|15.9I) one can remark that 

||a?WIU-. (E) <c e W-)- fl W) ff ^-' 

using the a priori estimate of the theorem 113.31 In order to show the inequalities 
v) and vi) of the second step, we consider 

d s Al - d A ^l - VT 2 (d t A» 2 - d A ^ 2 ) - *Xt(A%) 

=d s A V ! - d A ^l - V t * J - d A ~*$ - *X t (Al) 



and we remark that 



+ * [(dtAt - d A ^X) , vfV] - * [aj, v t * r v t *V' 
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Using the first step, the next lemma and the the uniformly exponential convergence 
estimates of the theorem 113.31 we can conclude that 



71". 1 
7T.1 



(d s A» - d A ,% - V t * 5 {d t Al - dA~*Z) - *X t (A h 2 



LP 



1-i 

< ^ p 



LJ>(£) 



□ 



Lemma 15.2. There are two positive constants c and Sq such that 











vf-V 






Vf s V t *"V 


2 

< C£ y 






LP 






Lp 







Lp(£) 



lj> 



L*>(£) 
V7*2 „f 

Vs'ai 



Mas </>i 



Lp(£) 



V7*2 W 



LP 



Lp(S) 



"v? a V 



LP 



Lp(S) 



2-i 



Lp(S) 



/or any < e„ < Eq . 



< ce 



- £v 




+ e v 




1- 

< C£y 




Lp(S) 


LP 


s{e{- 


- S )-6( S ))s 


, PtA v 2 - 


d A »%\\ 


< c 



Proof of lemma \15.S\ . The hrst estimate of the lemma can be obtained deriving by 
V t 1 the identity 

(15.11) 

Then, by the commutation formula [2.4l and the theorem lll.il 



1 



d A » * d A -Y = F A * - - [*d A »-i u A *d A *j"] ; 



(15.12) dA^dAyVfV 
or by the theorem 113.31 for \s\ > 2 



< c 



d A » * d A? V* ? 7 " 



L=(S) 



<C 



1,2 (E) 



L^(S) 



n Mr,™ (2) 



e l llL°°(£) 



<C 



(15.13) 



L2(S) 



L (2j) 



,(e(- s )-e( s ))5 S , 



where for the second estimate we used (| 15 . T|) and for the last one from the theorem 



113.31 Analogously, if we derive (|15.11[) twice by V* 1 , then we obtain 



(15.14) 
(15.15) 



d A ~ * d A »V?" vf 7" 



d Al *d A ^T^T x i v 



L 2 (£) 



L=(£) 

< ce {6( - s) - e(s))Ss eZ* . 
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In fact since 



£»(E) 



\ol A a 



£=>(E) 



Z,=(S) 



< c 



by theorem 111.11 and by the estimates on the 1-forms ckq + ipodt and ai and if we 
consider the estimates of the theorem 113.31 we get 



L=(E) 



Thus , we can also conclude that by (|15.12[) and (|15.14j) and the commutation 
formula (POI) 



(15.16) 



Lp(S) 



Lp(E) 



2-- 



and by (115.13)) and (| 15 . 1 5[) and the commutation formula (|2.4p 



Next, we can derive 



Lp(E) 



F^, + d A » (*dA ? 7" - «o) + 2 [(* d ^7" " «o) A (*d A ^ v - a%)] = 
by V s and we obtain 



d A ~ * d A »Vfj v = - VfF A , - d A ,Vf * [a v ,Y] 

+ [(d.A v -dA»*''),0%] 

- \{d s A v - d A »* v ) A *d A -"f] ~ <k* * [{d s A v - d A ,$ v ),j v ] 
(vfd^) A (*d A *>f - 



and thus we can conclude that 



i 2 (S) 



<c||V s F A ,| 



L=(E) 



+ C£„ p e 5;i < ce v e 



-s)5s -6{s)Ss 



by theorem ll3.3l and hence ||V s Qii||z,p < cz v . In order to prove the other estimates 
we need to use the definitions of ^ and <I>2 and to expand the identity. On the 
one hand, 



(15.17) 



0=d* A „ (d t A»-d A ^ 2 ) 
= - d\,A A ^\ — * [a" A * (d t A\ - d A ^)] 



so 
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where the last term can be written in the following way: 
d* A ,{d t Al-d A ^X) 
=d% {d t A v - d A ^) + d* A , (vfao - d A ^o - K>ol) 

-*KA*(V-^r)] 

=d% (d t A v - d A »* v ) — * \ot v A * (vf-og - dA^o " K> < 

+ * [a% A * (-V t *-og + d A »_% - K, 
+ (-K,aS] + K,^]) 

+ * I^oq A * {[d t A v - d A «* v ) - (d t A v _ - d^tt*))" 

where the second and the third line of the last expression vanish because they can 
be written as 

'd t A v _ - d A uJ>A - d* A _ (d t A_ - d A _V_) 





by the condition for the perturbed geodesies and the equation for the per- 

turbed Yang-Mills connections (|1.7[) . Thus 

d* A „ (a t Ai-d A »n) 

=<T A » (dtA v - d A ^ u ) — * \a" A * (vf-og - d A ^l - [a" Q ,%\ 
+ d A „(-[r,a» ] + [a»,^}) 
+ * \a.Q A * ([d t A v ~ d A vW) - (d t A v _ - ^ 



and 
(15.18) 



LP 



Furthermore for the term d* A „V ' t 1 a\ we have 

d* A ^ l a v x =Vfd* A u * dA-7" — * \a" A *Vf ? <] - * [(fi^i - d A »W() A *<] 

= * [F A u t VfY] + *\yf"F A *,>f] — * ^a± A *V t * J a?" 
-*[(ftA?-(Z A j*y) A*<]. 



Therefore, estimating term by term f|15.17[) we obtain 
(15.19) 



d* Ax d A ^i 



Lp(S) 



1-i 

< ce w p or 



d\d A »4> v 1 



Lp(S) 



and hence by ([TO]) . ([TO]) . (fT57TB|> and (fT5T9| 



Lp(S) 



< c. 
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Analogously, deriving d* A » (dfA% — dA^z) by vf 2 we can obtain el 



v t *»> 



< 



LP 



using 



Vfd A » {d t A»-d A ^ v ) 



< 



Lp(S) 



d* A ,vf (d t A v - d A ^n 



L p (E) 



= \\d* A (d.A v - dA-VWrsw 
< ce {e{-s)-6{s))Ss Ev 

by the commutation formula (|2.5[) . by the identities 

\{d s A v ~ d A ^n A * (d s A v - d A «$ v )\ = 0, [F a »,*FaA = 0, 
by the Yang-Mills flow equation (|4. 2[) and by the theorem lf 3.31 On the other hand, 
since S" is a Yang-Mills flow and d* A2 (dgA^ — d A %$>2) = 0, we can estimate 



(d s A" - d A ** v ) - d* A2 (d s A» - d A ^ 2 ) < ce^- s ^ 9 ^ Ss e 

by the theorem I f 3 . 31 and the estimates computed so far; thus 

d A ,d A ^ = - d* Au {d s A v ~ d A ^ v ) + d* Ai (d s A v 2 - dAs&Z) 

- * [« + a") A * (d s A v - d A "$ u )] + d* A „Vf a\ 
= -d* Av (d s A u - d A »® v ) 

-*[K+<)A*(3,i"-(ii^)] 

+ d A u[i)o,cti]+ a" A *V* oti 

+ Vf * [F A1 ,7 V ] + * [{d s Al - dA^l) A *af\ 

and this implies that ||d^i||z* < ce 1 "?, Wd^W^ < ce^-^-^^e^p foi- 
ls] > 2 and \\d.A% - < ce ( s (-^- s ^, □ 

Weber proved the following theorem (cf. [17] . theorem 1.12) 

Theorem 15.3 (Implicit function theorem). Fix a perturbation H : CAi —> K 
that satisfies &3. 1}) . Assume E H is Morse and that T>^ is onto for every u G 
M°(x-, x+ ; H) and every pair x± G Crit^ff. Fix two critical points x± G Crit^w 
with Morse index difference one. Then, for all cq > andp > 2, there exist positive 
constants 5$ and c such that the following holds. If u : K x S 1 — > M is a smooth 
map such that lim s _ i .± 00 u(s, •) = x±(-) exists, uniformly in t, and such that 

(15.20) \d s u(s,t)\ < \d t u(s,t)\ < c , \V t d t u(s,t)\ < c 

1 + 

for all (s, t) G M x S 1 and 

(15.21) ||fl a ti - V t d t u - grad#( W )|| LP < 5 . 

Then there exist elements uq G A4°(x-, x + ;H) and^e im (T>°)*nW U0 satisfying 



(15.22) u = exp (0, U\\w„<c\\d s u-Vtdtu-gradH(u)\\ LP . 



The norm ||Cllw„ sums the the norms ||Vt£|[z,p,|[VtVt£||.W)||Vsf ||x^> and the space 

Wu is completion of the space of smooth, compactly supported, vector fields along uo respect to 
the norm || ■ ||yv u • 
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Remark 15.4. The third condition of (|15.20j) follows from the first one and, for a 
positive constant c\, 

\d s u - V t d t u - grad#(u)| < Ci; 
therefore, in our case all the assumptions are satisfied by the second step and by 
the lemma [T5.2I 

Step 3. We choose p > 4. There are Eq, c > such that the following holds. If e v < 
eq, then there is a smooth map A v z : M 2 -> Aq{P) such that [A%] € A4°(S_ , 

(15.23) ^ (A£ - ^) = 0, 

(15.24) \\A% - A»\\ LP + \\A% - A»\\ Laa < cel~' 

(15.25) \\(dtAZ - d A ^l) - (d t A» - d A ^ 2 )\\ LP < cel~> 

(15.26) \\{d a A£ - d A ^l) - (d s Al - d A ^)\\ LP < eel'' 
where ^3 and $3 are defined uniquely by 

d* A „ {d t Al - dA»*l) = and d* A „ (8 s Al - d A ^) = 0. 

Proof of step 3. The third step follows directly from the theorem !15.3l The condi- 
tion (115. 23|) can be reached using the local slice theorem (theorem 8.1 in [18]). □ 



Step 4. We choose p > 4. There are £0, c > such that the following holds. If s v < 
eq, then there is a smooth map A\ : M 2 -> Aq(P) such that [A%] G M°(H_,S + ), 

(15.27) d% - A?) = 0, 



(15.28) |K - + - A?|| ioo < eel'* 

(15.29) - d AS *J) - {dtAl - d A »*l)\\ LP < cel~> 

(15.30) \\(d s Al - d A ~$Z) - (dsA" - d A ^)\\ Lp < eel'* 
where ^4 and $4 are defined uniquely by 

d* A » (d t A» - d A ,^l) = and d* A , {d a Al ~ d A% ®l) = 0. 

Proof of step 4- By the previous two steps and the lemma 115.21 we can conclude 
that 

\\A^-AI\\ lp + \\A^-AI\\ Loo <ceI-K 



Since 



\\(d a AZ-d A ~*Z)-(d a AX-dAi*'[)\\ LP <c Ev ? . 

d* A „ (A3 - A\) =d* A , {Al - A v 2 ) + d\„a\ 

= *d A »d A » 7 »-*[{A v 3 -A» 2 )Aal], 

d A u {A\ - A%) = F A v — i [{Al A%) A {Al - A%) 



hold, we obtain 
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Thus, by the local gauge theorem there are maps g v : 



Ql' p (P) such that 



<r A z(g:AZ-Al)=0 > uai 



^1 Ww 1 ^ (£) — C 11-^3 



then we conclude the proof of the fourth step defining A\ := g*A^. 



□ 



Step 5. For two positive constants c, eo, < e < £o, ^4 : = A\ + ty%dt + <&\ds £ 
M° (S_, 3 + ) satisfies 



(15.31) Wil-^iEI-SDW^^ 
11^(^-^)11 



■e v \\d A% V^{n 



(15.32) 

Proof of step 5. Since d* A „ {A\ - A\ 



and 
1 



< ce v 



d Al {A\ - A\) = F AX - - [{Ai - Ai) A {A\ - AX)] , 



by lemma |B. II 



11(1-^)^-^)11^ 
By (|15.27p we have 



2-- 

< ce v 1 



d A M 



{A\ - Ai) = * [{d t A\ - d As n) A * {A\ - AD] 
(AI — Ai) = * [(d s Al - d Al n) A * (A{ — AD] , 
and by the properties and definitions of the connections 

d* Al {d t A\ ~ d As n) = 0, d* Al (d s Al - d A ^l) = 0, 
d* A , (d t A\ - d A ^i) = d* A „ (d t A v + d A ^ v ) + D v , 
d* A „ (d s Ai - d A ^i) = d\„ (d s A» + d A „$") - K, {d s A v ~ d A »&)] , 
where D v is defined in the proof of the lemma 115.21 Hence we have 

d* Al d Al m - n) =d* A » {d t Ai - d A ^x) 

+ *[(A v 1 -Al)A*(d t A v 1 -d A ^i)] 
- d* K (vf S {A\ - Ai) [{Ai - Ai) , (*? - n) 
( 15 - 33 ) =d* A „{d t Ai-d A ^i) 

+ *[{Ai-Ai)A*(d t Ai-d A ^i)] 
-* [{d t Ai-d A% n) A*(Ai-Ai)] 
+ * [* {Ai - Ai) A d Al (*i - , 
(d s Ai-d A ^i) 
+ *[{Ai-Ai)A*{d s A v -d A »® v )] 
-*[{d s Ai-d Ax <Z>i)A*(Ai-AD] 

+ * [* {Ai - ad a d A2 (*? - n)} 

and thus by the first step, (| 1 5 . 18|) . the a priori estimates for a geodesies flow p. 3 



d%d K ($i 



(15.34) 



3.3p and the a priori estimates of the theorem 113.31 we obtain 



d* A „d K {n-*i) 



LP 



d* A ,d K m-^) 



LP 
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By the lemma lB~T| the estimates (|15.29[) . (|15.30p and the triangular inequality, we 
have also that 



s u \\d AX (n-n)\\ LP 



I LP 



(Al - A\) 



Lp 



(A% A\) 



Lp 



2-i 
2— i 



Furthermore, deriving by V s 4 and by V t 4 the identities ()15.33|) and ()15.34|1 . we 
can obtain the other estimates needed for (|15.31[) . □ 

Step 6. Wc choose p > 10. Then there are Eq,c > such that the following 
holds. There are two sequences g v G Gq' p (P x S 1 x R) and s„ G R such that 
5£ := , 9 *S^(t, s + s„)=AY + *%dt + <f>%ds satisfy 

(15.35) tfer (S" - £§" (H£)) = 0, ~ e - /C|" (3g) G im X> e * (/C|* (a£))* 



(15.36) 
(15.37) 



Remark 15.5. In the sixth step we use the connection ^2(^4) introduced in the 
section [21 the definition of the 1-form + ifj^dt in that section is not the same as 
(|15.3I) even is we consider that this holds. In fact, one can replace the definition 
(EH) by 

a%{s) + ipo(s)dt ■-8(-s)(h(s)g(s))- 1 (T E ' b (A- + 9-dt) - (A- + V-dt))h(s)g(s) 
+ e(s)(h(s)g(s))- 1 (T £ ' b (A + + V+dt) - (A+ + * + dt))h(s)g(s), 



where g(s) is defined as in (j9.2[) and h by h~ 1 d s h — g(Q v — Q^g^ 1 . In this case, 
(hg)~ 1 d s (hg) = <7 _1 (/i _1 $ s /!,)<7 + g~ 1 d s g = ^ p . With this change all the theorems 
proved for /C| continues to hold. 



Proof of step 6. Step 5 and the theorem 19.11 tells us that 

- JC 2 (ZZ)\\ eu < eel" < SeVK 



v? s (s v - x: 2 (hj()) 



2-f 

< ce v p < cs u p 



for cep < 5 where 5 is given by the theorem 114.21 Then by theorem 114.21 there is 
a sequence g v G Gq' p (P x S 1 x R), cr„ G R such that 

fe(^(a"op CT j-x; 2 (a2)) = o, 
<£(s" o Pau ) - ic 2 (~i) g im (2>'(/c 2 (ao)r . 

We define 5g by (<7~ 1 )*S4op_ ov . By the step 5, the theorem 1 1 4 . 21 and the triangular 
inequality we have 



1 — 1/ 1 — iz/i 



VY*{A\-Al) 







Lp 







1-2 


< 












Lp 


+ 4 



Lp 



2-- 



V?»(^-4g) 



< C£i, 
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LP " 


Vet 



L" 



2- 

< ce v 



\\^ 5 (E1-E^\\ BW <cel^, 
in order to improve the estimates for the non-harmonic part, we use the identity 

(Sb))=Q, 

5 

i.e. if we define S^-S^ =: a" + 4i v dt + frds and E v -JC e 2 " (3g) =: a u dt + ^ u ds, 
by the definition of /C2" 

lld^^lU, = IK^a^liP < e'llVt^Hi- + 4||V s ^||lp < c £ 2 -i; 

and since = cU^ a" + | [a" A a v ] and 



||^q;||lp < ce 



2-i 



|a 1/ |||2 P < ce 2 p. 



□ 



Step 7. Wc choose p > 13. There are three positive constants Si,Eq,c such that 
for any e v < Eq 



(15.38) 



^(AX-A^\\ LP + \\^(A1-A V 5 )\ 



< ce 



1+61 



End of the proof: Finally we can apply the theorem 110.21 choosing eo such that 
cEq 1 < S for the S needed in the theorem ll0.2( thus, we can conclude that for v big 
enough E v = TZ £v ' b (E^) which is a contradiction to the fact that the 3" are not in 
the image of lZ £ " b . Therefore the proof of theorem ll5.1l is concluded. 

Proof of step 7. The idea is to consider the situation in the figure |4] in order to 
improve the norm of ir A % {A v —JC £ 2 " (3£ ) ) . In particular, we use that £ im d\ v and 
the fact that the norm of IIi m <j* v (a v ) can be estimate using the identity dA%ct u = 

— \{(x l/ A of] deduced from F A - = F A o + d A »a" + \\ct v A a v ]. We denote by 
A v k + ^ v k dt + <$>lds the connection IC? (3g). 



A'(i,i) 



F A = 



•A%(t,8) 

ag(M) 



A-{t,s) a»(t,s) A%(t,s) 



Figure 4. The splitting of the seventh step. 
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Let Vt := V* 5 and V s := V* 5 • By the lcmmas r7.7U7.6l and the estimates (I9.11[) 
and (|9. 12|) we have 



7*^ 



L" 



(15.39) 



V t 7r A? (^-/Cr(SD)|| iP 
+ ||V S 7T A , {A* - K,l"{El))\\ LP + ||VtVt7r AS (A»-Kl»(E» 5 ))\\ Lp 
<c\\n A ^(K^(^))(S v -lC^(E^)\ 
+ c ||(l- 7rA ,)(^-^)|| i)P ^+ C£ " 

+ c||V t (l-7T^)(^-^)|i iP 



lis 
-3-1 



c4|pr(/Cr(^))(H^-/Cr(^) 



and thus our task is to estimate all the norms on the right hand side of the inequal- 

2-2 

ity; the second one can be estimate by ce v p by the previous step and the lemma 
19.11 The last term of (|15.39[) can be estimate by 

el\\Vl»{K^{~l)){~»-^{m\\ LP 
(15.40) <4m»{Kl»{~l))\\ LP 

+ el ||ef(/Cr(3D)(S" -1C 2 "{E%))\\ LP < ce 2 ~l 

where the first inequality follows from 

2^(/CS"(Hg))(3" -/Cf(Sg)) = -^(/Cr(S^) -C|-(/C|-(Hg))(H" -/Cf(Hg)) 

because of J r |"(5 1/ ) = and the second estimating C|" (/C|" (3 5 '))(S 1 ' — ^"(Hg)) 



term by term using the formula (|8.4|) . Next, we define a" + ^"dt + 0"ds := E v — 

(15.41) A"-A% = (A» - Al) + {Al - Ai) + (A% - A%) =a v l +a v -a v 

where a v Q := AC|"(H^) - 3g. We remark that = Fa%+o? = dA£a w + 3 [a^ A a"]. 
Furthermore, since by J r f"(3 l/ ) = 

V{»{K?{~1)){^ -AC|-(Sg)) = -J?" (£§"(350) - C^(/C|-(Hg))(H" -iC^(Hg)) 

and by ^ || 7U| JT''(/C^(3 5 '))|| LP < ce 2 , 

<\\7TA^!-(ic e 2 -m)\\ LP 

7r A? C 1 6 ''(/C^(2£))(a l/ + tp u dt + 4>»ds) 



if 



(15.42) 



iS 



<C£j. 



+ 



1 



1 



+ - a A a" 



is 



ft,. 



k^(« 1 ')| 



is 



where the second step follows estimating 
following operator 



term by term. Next, we consider the 



(15.43) (S£) (S" - JC^)) :=2? e - (S£) (S" - fc§"(S£)) + -^d^ [a" A a"] 



HEAT FLOW AND YANG-MILLS THEORY 



87 



whose first component can be written as 
(15.44) 

Q\" (S5) (a" + ^di + rds) = v s (V - n im ^ (a")) - d AK ^ 

+ 4<*V^ - »") - d * x *(^s) - n im d * „ (?)) 

- v t v t (V - n im d ^ (a 1 -)) - 2 ($Ag - d A ,%) 

+ v s (n im ^ (a")) - d * x t (^)n im d* A „ (a") - v t v t (n im dh (of] 

By theorem 17.31 we obtain that 



d* A „dA" {a" — ol v ) 



LP 



V t V t (l - 7ta S ) a" - n im d . (a") 



Li' 



<cet 



V 



L'' 



e 2 II V s 7Ug (a" - a 



5 -a )|| iP 



3-; 



-£ 2 ||V t V t 7r A , {a v -a v )\\ LP +ce v p 



and by (jl5.44[) . step 2, the lemma IT5721 and the theorem HO. II 



<cet 



+ e. 



v t v t (n im d * A „ (a v ) 



3-^ 



LP 



LP 



LP 



since J=l« {K% (3g)) + Qf (iff (Eg)) (5",^,^) + (iff (Eg)) (a",^,^) 
2^d A „ [a" A a"] = 0, 



<ce2||^"(/g"(HS))|| iP+CE „ ' 



ce, 



3-5 



1 



<C£„ 



(^ (3g))(a", V", P) ~ ^d\,, [a? A an 



V t V t n imd . (a") 



LP 



LP 

v*Vt (n im (j% (a 1/ ) 

5 



LP 



v s (n im ^ [a") 

v s (n im d> (a") 



LP 



where the last step follows estimating (|8.3p term by term. Hence, by the last 
estimate, (|15.39[) . (115.401) (|15.42|) and the next claim: 

||7r A ,(^-/Cr(Sg))|| LP + ||V i 7r^(^-/Cr(Sg))|| LP 

+ ||V f V i 7r^(^-/C-(S^))|| Lp 



\V.*a»(A v -K%>$%))\ 



LP 



2_M 1-1 



v 4 v t (n im rf. „ (a 1 ') 

v s (n irod . g (^) 



LP 



LP 



9— 12 
< C£ V p . 
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Therefore, for p > 10 and by the Sobolev's theorem 15. II for s = 1, there is a Si > 0, 
such that 

\\n A , [A\ - Al)\\ Lv + \\n A , {A\ ~ ^)|| ioo < c £ ^ 
holds for small enough. Thus we concluded the proof of the seventh step. 

Claim. There are two positive constants c and £q such that, for < e < Eq, 



□ 



VtVt (n im dh (a")) J + J v s (n im d »„ {a v ) 

<ce l -i (1 + \\W t W t -KA % {a v )\\ L p + ||V s 7r^(a 1/ )|| z , 
Proof of the claim. We write I Ili m d* v 

\\V t V t d%y\\ LP <\\d A »V t V t d A „Lu v \\ Lr 



L" 



= d* A vio u for 2- form io v and hence 



1-IL 



using the commutation formulas, the L°°-bound on the curvature terms and the 
lemma [B. 11 we obtain 

<\\V t Vtd A »a u \\LP + c\\d%y\\ LP + c\\V t d%y\\ LP 
and by the identity d A ^a v + \ \a v A a u \ 

<|l|VtV t [a" A a v ]\\ LP + c\\a v \\ L v + c\\V t a v \\ Lf 
<c\\a»\\ L ~\\V t V t a v \\ LP +c\\V t a v \\ L 24V t a v \\ L 2 P 
+ c\\a u \\ L p + cUVta^HiP 

<ce 1_ * (l + J V t V t (n im ^ (a")) 

+ CE 1 "! || V t Vt (tta|K)) IL* 
In the same way, we can show that 



LP 



<C£ 1 v I 1 



LP 



n 



im d 



+ CE 1 -! || V s (7r A ,(^))|| Lp 
and thus the claim holds for e sufficiently small. 

With the last claim we concluded also the proof of the theorem 1 15. II 



□ 
□ 



16. Proofs of the main theorems 

The definition 110.31 of the map lZ e,b and the theorem 115.11 which assures its 
surjectivity, allow us to conclude that the theorem 11.31 holds. Thus, we need only 
to explain the proof of theorem 11.41 



Proof of theorem \1.4\ If we fix a regular value b of E H , then by the theorem 11.1 
there is a positive constant s such that the map T £ ' b is a bijection for < e < £q. 
In addition, since Go(P) acts freely, T e ' b descends to the map 

t £ ' b : Crit b EH /g (P x S 1 ) -> Cnt h yM e, H /g (P x S 1 ) 
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which maps perturbed closed geodesies to orbits of perturbed Yang-Mills connec- 
tions with the same Morse index and therefore we can see it as chain complex 
homeomorphism 

■je,b . (jE H .b _^ QyM e ' H ,b 

For any two perturbed geodesies 7± G [Crit^ H ] with index difference 1, the map 
lZ E ' b is, for two lifts S± G Gritga with [S±] = j±, by theorem 11.31 bijective and 
thus 

h 2 M° (S_,H+) /R = UM e (T e < b (S_),T e < b (S + ) 
which yields that the following diagram commutes 

n E H ,b d k" n E H ,b d k-i n E H ,b 

■ ■ • > °fc+l > °fc > °fc-l 



l^' 1 I' 



. r,yM e < H ,b a k M ' . n yM*- H ,h a k^l n yM^- H .b 
... >• o fe+1 ► o fc ► ' > ... 

j(r-)- 1 j(r^)- 1 j(r^)- 1 

, n E H .b 9 k" . n E H ,b d k-i r,E H ,b t 

■ ' • > °fc+l > °fc > G fe-1 > ' ■ • 

and hence 

(T e ' b ) t : HAU (C b M 9 (P),Z 2 ) -> #M, (.4 £ < b (P X S 1 ) /Q Q (P x S 1 ) ,Z 2 ) 
is an isomorphism. □ 

Appendix A. Norms for 1-forms on £ x 5 1 

We fix a connection So = A) + € -4(S x S 1 ) and we define the following 

norms on x S 1 ,Q P ), i = 1,2. Let = a(i) + ^(*) A df such that a(i) G 
Q 1 (E,Q P ) and ^(*) G ft°(£,0 P ) or a(i) G ft 2 (£,g P ) and ip(t) G ^(E.jjp), then 

Ml^x* ^^(llallS-w+^IMIi-do)*. 

||£||oo,e,ExS' 1 : = IMU^lExS 1 ) +e||V'IU~(SxS 1 ) 

and 

H?lllo,l^e,SxSi : = / (lMIL(S) + II^«IIli.(E) + H d A «llLP( E) ) *t 
J 

Lp(S) iP( E ) + II^oV'IIIp^) + £ p ll ^tip\\ v L P(T.) ) dt - 

Inductively, 

For i = 1,2, we can define by W fc ' p (£ x 5 1 ,A i T*(S x S* 1 ) ® g PxS i) the Sobolev 
space of the z-forms respect to the norm || • ||E ,fc,p,i,ExS ,1< We now choose a refer- 
ence connection So and all the Sobolev inequalities hold as follows by the Sobolev 
embedding theorem (cf. [TO])- 
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Theorem A.l (Sobolev estimates). We choose 1 < p, q < oo and I < k. Then 
there is a constant c s such that for every £ £ W fe,p (S x S 1 , A l T*(£ x S 1 ) (Xigpxs 1 )? 
i = 1,2, and any reference connection So.' 

(1) | < k- §, tten 

(A.1) ||C|| So , I , g , e , ExS i < C^-Vp ||^||HoAP,e,Ex Sl - 

(2) //0 <*;-§, tten 

(A.2) IISllso.oo.e.ExS^ < ||^||H , fe ,p, E ,ExSX. 

Appendix B. Estimates on the surface 

The first two lemmas were proved by Dostoglou and Salamon (cf. [7], lemma 7.6 
and lemma 8.2) for p > 2 and q = oo; the proofs in the case p = 2 and 2 < g < oo 
are similar. 

Lemma B.l. We choose p > 2 and q — oo or p — 2 and 2 < g < oo. T/ien i/iere 
exist two positive constants 6 and c such that for every connection A £ A(P) with 

\\Fa\\lp(z) < S 

there are estimates 

IMU«(E) < c||d J 4'0IUf(E)> IMa^||l«(S) < c IMa *dA-0IUp(S), 

We n°(E lfl p). 

Lemma B.2. We choose p > 2 and g = oo or p — 2 and 2 < g < oo. T/ien 
i/iere exist iwo positive constants 5 and c such that the following holds. For every 
connection A £ -4(P) with 

||^||w(E) <<5 
i/iere exists a unique section r\ £ f2°(£,{3p) smc/i £/ia£ 

= 0, \\dAll\\Li(T,) < c\\F A \\lp(Z)- 

The following lemma is a simplified version of the lemma B.2. in |14) where 
Salamon allows also to modify the complex structure on S if it is C 1 -closed to a 
fixed one. 

Lemma B.3. Fix a connection A £ Aq(P). Then, for every S > 0, C > 0, and 

p > 2, there exists a constant c = c(8,C, A ) > 1 such that, if A £ A(P) satisfy 
\\A — ^4°||l=°(S) < C then, for every ip £ f2°(S, Qp) and every a £ Qp), 

(B.l) II^III P(s) <5||dA^||i P(s) + C ||Vll^ (s) , 

(B.2) Nli*(£) ^ 6 (\\ d Aa\\ p LP{S) + \\d A * a|lip (s) ) + c||a||£ 2(s) . 

Lemma B.4. W^e choose p > 2. There is a positive constant c such that the 
following holds. For any connection A £ Aq(P) and any a £ f2 1 (E,0p) 

(B 3) " a " iP ( s ' + \\dAa\\ L p(^) + \\d* A a\\ L p {T ,) + \\d* A d A a\\ LP{Tj) + ||d^d^a|| LP(S ) 

<c\\{d A d* A + d* A d A )a\\ L p + \\ka{&)\\lp(?,)- 
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Proof. For any flat connection A, the orthogonal splitting of = im oIa ® 

im d* A ® H\(E, Qp) implies that there is a positive constant Co such that 

\\ d A d * A a\\ L p(S) + \\d A d A a\\ L PCE) < c \\(d A d* A + d A d A )a\\ LPiJ: y, 
thus, we can conclude the proof applying the lemma [B. 11 □ 



Lemma B.5. We choose p > 2. There is a positive constant c such that the 
following holds. For any S > 0, any connection A £ Aq(P), a G ^(Ejfjp) and 

\\ d Aa\\ LP(E) < c (V 1 \\a\\ LP(S) + 6 \\d A d A a\\ LP(S) 
(B.4) \\d* A a\\ LPrs) < c (V 1 \\a\\ LP(S) + S \\d A d* A a\\ LP(S) 

\\ d Alp\\ < c 1 IIV'II LP (£) + 6 \\ d A d Alp\\ L p (S) ) • 

Furthermore, for any S > 0, any connection A + ^>dt 6 A(P x S ), a + ipdt £ 



£||V t a|| iP(ExS1) < ||a|| iP(ExS1) + 5e || V t V t a|| iP(ExS1) 

(B.5) „ / \ 

II v ^IIl P(S xsi) ^ c [ s l£ ll^lli»(sxsi) + fe3 II v t v ^lli P (sxsi)J 



e 2 



Proof. The last two estimates follow analogously to the lemma D.4. in [15] . The 
first can be proved as follows. We choose (? such that ^ + ~ = 1 then 

„, „ { d Aa, 5~ l a + 5d A d* A a) 

\\ d Aa\\ LP( z) = SU P iic-i- , c , T* -11 

^ a \\6 l a + 5d A d* A a\\ Lqm 

c(5~ 1 a + Sd* A d A a, d* A a) 



S a P 5 1 ||a|| L , (s) + 8\\d A d* A a\\ Lq[Yi) + \\d* A a\\ Lq (£) 
< U" 1 ||a|| LP(S) + 5 \\d* A d A a\\ LP(S) J sup 



c \\ d A a \\L«{-Z) 



=c[5 1 |H| iP(s) + 5\\d A d A a\\ LP{S) 

where the supremum is taken over all non-vanishing 1-forms a € L q with d A d* A a € 
i 9 . The norm 1 1 (5 1 a; + ^c^ri^all^^ is never because 

||5 -1 a + 5d A d* A a\\ 2 L2(J1) = 5~ 2 \\a\\ 2 L2{s) + S 2 \\d A d* A af L 2(s) + 2 Hd^lli^E) 7^ 0, 

otherwise we would have a contradiction by the Holder inequality and the operator 
+ 5dAd* A is surjective. The second and the third estimate of the lemma can be 
shown exactly in the same way. □ 
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